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Introduction 


Let us start with a simple (?) question. In a chess tournament there are n 
players who play eliminatory games until only one winner remains. Thus, in 
the first round, the players are arbitrarily playing games (chosen by drawing 
lots), and only the winners of these games go to the second round. If the 
number of players is odd there is one player staying aside, but he/she (and 
all winners) will take part to the drawing for the second round. The process 
repeats in the second and all the following rounds until, as we said, finally, 
only one winner remains (and he is declared the winner of the championship). 
The question is: how many games are necessary in order to establish the 
champion? 

Well, you might need à moment of thinking, and we strongly advise you to 
take it (or, maybe, you already got the answer, which is great). You will 
immediately see that if n = 2” is a power of 2, then in the first round there 
are 27-1 games (and 27-7! winners from these games accede to the second 
round), and the process goes on and on so that there will be 277 games in 
the jth round. The total number of games will then be 


m=i om? oos aequ eom pee. 


Although we cannot quite use this reasoning in the general case, the answer 
n — 1 is correct for each and every value of n, because in each game precisely 
one player is eliminated and, in order to arrive to the situation when only 
one player still stands, n — 1 players must be eliminated, so, n — 1 games are 
needed to see who the champion is. 

The problem is solved, but we won't stop here. This is because the reasoning 
in the particular case of n = 2™ furnishes a hint for the general case. Namely, 
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in the first round the number of games is k if n = 2k is an even number, and 
it is also k if n = 2k + 1 is odd (and a player is forced — also by drawing, to 
make the competition fair — to stay aside). This number can be expressed (for 
both cases of even and odd n) as |n/2| where |x| denotes the integer part of 
zx (or the floor function of x) — the largest integer which is not greater than x 
(that is, |z| = p if and only if p is the only integer such that p € x < p + 1). 
Thus in the first round there are [n/2| games and in the second round 
E n 

m-n-[5] 
players participate. Then the same pattern repeats: |n2/2| games are played 
in the second round, and 

x 


2 
players enter the third round, and so on. Thus, if we define the function f by 


ra=- [i 


the total number of games played is 


ni n2 
Er x ki 

where the sequence (nx)x>1 is defined by nı = n and the recurrence nj = 
f (nx—1) for every k > 2. One can easily see that, starting with every positive 
integer n the terms of the sequence (ni)k»1 eventually become equal to 1, 
because this is à sequence of positive integers that strictly decreases as long 
as its terms are greater than 1 (and thus, at some moment, a term equals 1, 
and then all the terms that follow are also equal to 1). Thus the above sum 
is actually a finite one (as we have already seen in the particular case of n 
being a power of 2), as the integer parts |n;/2| are 0 as soon as ng becomes 
1. Actually, we can find a formula for ng, namely 


= n 
ng Ies , 


where the ceiling function of the real number x is defined by [x] = q if and 
only if q is the unique integer such that q — 1 < x < q, and this formula 
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allows us to see that ng becomes 1 as soon as 2k-! > n (and the first such k 
is [logo n] + 1) - but this is not our point of interest here. Nevertheless, we 
are interested in the fact that 

21*z] 

ee 2| =n], 

| 2 $ 2 ü 

since we know now that the total number of games is n — 1. For instance, with 
nı =n = 7, we have 


ng =n — E E 
ncs E =4-2=2, 
n 
n4 = na — E =2-1=1, 
and, consequently, n, = 1 for all k > 4. Thus the number of games measured 


as a sum is 


iss pd pd al 


Of course, this is 3+ 2 4- 1 = 6 and corresponds to the result 7 — 1 given by 
the (let us call it) global reasoning from the beginning. 
To summarize: we defined a function 


T 


fe) -s- [7] 


and a sequence (n&)x»1 starting with some arbitrary positive integer n; = n 
and satisfying the recurrence relation nj = f(nj. 1) for k > 2, and we obtained 


Eje] enn 


This may be a somehow unexpected equation (although it is very clear in the 
particular case n = 27") and illustrates a simple principle in mathematics: do 
something in two different ways (in this case “do something” is “count”), then 
equate the two results (they must be equal, because, in the end, they represent 
the same thing — in our case the total number of games). You will be amazed 
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of what can be obtained by using this very simple (because fundamental) 
principle. 

Anyway, it is not our purpose here to examine such reasonings. Instead, we are 
dealing throughout this book with sums and products (as the title says). Sums 
and products are everywhere in mathematics. Probably the first matters that 
a man (usually a child) learns in mathematics are addition and multiplication 
(of natural numbers, then of integers, and so on) - operations for which the 
results are called sum and product respectively. Clearly, we do not intend 
to take it all from zero, but rather we will try to calculate as many sums as 
possible of the form 


TL 
SULULI LEES 
k=1 


and products of the form 


n 
II == 01802*** 0m 
k=1 


(that is, sums and products of an arbitrary number of terms, respectively 
factors). Also, we will enter a little in the more advanced topic of infinite 
sums and products, defined as limits of corresponding finite partial sums and 
products, respectively: 


and 
oo n 
H ak = lim II ar 
noo 


We assume the reader to be familiar with the basic concepts of limit (and to 
have the knowledge of elementary limits), and (more rarely) of derivative and 
Riemann integral. There are, however, only few examples of this kind, and the 
reader who is not familiar with these concepts can skip them without losing 
the rest of the book. This clearly means that we expect the reader to know 
basic arithmetic, algebra, and trigonometry (complex numbers in algebraic 


Introduction 5 
elegram.me:@math_books 


and trigonometric form included). Also, some combinatorial problems, and a 
few problems of number theory will be encountered. 

Thus, we hope the reader understands a few basic properties of the symbols 
defined above, such as 


n n n 
oak be) = So an + Dobe, 
k=1 k=1 k=1 

or, more generally, 


X (aar + Bb) = aS an - B br, 


where all of a, 8, ax, and by are (in general) complex numbers, with a and £ 
being, of course, independent of k — the so called index of summation. By the 
way, this index can (in the same problem, or along the same computation) be 
denoted by different letters; thus 


We also have 

n T n 
So ax = yo Qk + y» ak and Ho- Ho II ak 

k=1 k=m+1 k=m+1 

for 1 € m < n. Maybe wording this as 

n m y n n m n 
Sas (Som) +( b3 a) and == (IT) ( Il «| 
k=1 k=1 k=m+1 k=1 k=1 k=m+1 


would be more accurate, but we prefer the first form, apart from the situation 
when we desperately need to avoid confusion. 

All the above are clear consequences of the properties of addition and mul- 
tiplication (commutativity, associativity, distributivity of multiplication over 
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addition). The same is true for 


n n 


b b 
X (bet — bk) = bn+1 — 61 and Il "ub E E, 
k=1 zu bk by 


Understanding these equalities and learning to work with them (or with similar 
ones) is very important because they represent a powerful tool for evaluating 
sums and products with an arbitrary number of terms. More precisely, when 
we have to calculate a sum " 

5 ak) 

k=1 


expressing the general term a, in the form 


ak = bk+1 — bk 


is very effective, due to the above formula: the numerous cancellations allow 
us to find a simple closed formula for the given sum. We call such a sum 
telescopic (or we say that the sum telescopes, etc.). This is because we can 


write 
n 


n 
So ak = 3 (bea — bk) = —b1 — 09 — ++ bn +b2 +- + bn + bn gt = bn41 — b1. 
k=1 k=1 

One of the simplest examples is the one that appeared in the beginning, namely 

n 
1424-2712 Soo} 
k=1 
Thus we have aj = 2*-1 = 2* — 2*-1 = by, — by for k = 1,2,...,n, and we 
can consider bj = 2*-! (the bj appear here to be equal to the ag; of course, 
this does not usually happen). Consequently, 
n n 
Lege ey 0e y (hose 
k=1 k=1 


n 
= Y (bua — bk) = bn+1 — bn 
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Throughout the book we will simply write this as 


n 


yk as 30 nee) —9^..] 


k=1 k=1 


As we said, we expect the reader to be familiar with some simple computations 

(and we think that this first sum that we just evaluated does not represent a 

mystery for our readers; we just used it as an example). Also, we hope that 

the fact that we replaced m by n does not represent an issue (the formula 
n 


m 
>p 2*-! — 2™ — 1 is the same as »» gk-1 — 2^ — 1, isn't it?). We preferred n 
k=1 
to be more in the vein of what we m discussed about telescoping sums. Yet 
another simple example is the sum of the first n odd positive integers, that is 


n 
14+3+---+(2n-1), or M'Qk- 1). 
k=1 
Can you see the telescope? We have 


n n 


Y Qk-1 2M -(k-1?) =n? - 0? = n?, 


k=1 k=1 


yielding a beautiful formula: the sum of the first n odd positive integers equals 
the square of n. In order to do this computation you only need to know the 
elementary algebraic formulae 


(a x b)? =a? + 2ab + ?. 
More specific, we need (k — 1)? — k? — 2k -- 1, but we use it in the form 
2k —1=k* —(k—1)?. 


This is the main difficulty when we try to evaluate a sum (or a product) by 
the telescoping method: how to find the numbers b? Of course, this depends 
on the skills and the experience of each solver. If one can find a closed form for 
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a sum, then it is always possible to evaluate that sum by telescoping. Indeed, 


if we have 
n 
»» = 
k=1 


for any positive integer n, then we also have 


a= m- Toes — 851 
k=1 


for any n (where we define Sg = 0). Thus we have aj = by 41—by for by = Sy. 4. 
So, if we have the result, we can also telescope (but we prefer to be able to 
find the telescope ourselves). For instance, we have the (again well-known) 
identity 


Sika 1424 n= ty 


It is often said that, asked — when he was a little boy — by his teacher to sum 
the first 100 positive integers, Gauss did the job immediately, to the great 
surprise of the teacher, who had no idea about this method. His approach 
uses again fundamental properties of addition. First, we have 


(since addition is commutative, we can reverse the order of summation), then 


n 


n 
So an = 5 (x ak + Yu i) => 5 (ak + Qn—K41) 
k=l k=l 


k=1 
(because if A = B, then A = (A+ B)/2, too). In our case, 
n 
Ont] Z n(n4l) 
3 oe Y (kn — k^ 1) jo Q0 m 


k=1 k=1 k=1 
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n 
(Note that, in general, » à — na when a does not depend on the summation 
k=1 


n 
index; for example, 5 Ln. 
k=1 

Basically, Gauss observed that the sums of the kth term and (n — k + 1)th 
term of the given sum are all equal (to n 4- 1), and he paired terms having the 
same sum. This can be done in general for an arithmetic progression (an)n>1 
(that is, a sequence for which the differences a,41 — a; are all equal to the 
same number d, called the common difference of the progression) in order to 
get the sum of the first n terms; as above, we have 


n n 
1 n(ai tan) | n(2ai-- (n — 1)d) 
Sarm XD glr tanan) = EUER Gen DA, 


because ak + à, 41 = 41 + Qn for every k = 1,2,...,n. Note that if we use 
the formula a, = a4 + (k — 1)d for the general term of the progression (with 
d the common difference) and the above formula for the sum of the first n 
(actually, here, the first n — 1) positive integers, we can also evaluate this sum 
as 


So ag = (ac (&= 1d) = Soa +4) (k-1) = na + e ng 
k=1 k=1 : k=1 k=1 


Going back to Gauss’s sum, now that we have the formula, we can also prove 
it by mathematical induction. To verify it for n = 1 is immediate, so we still 
need to show that if it is true for n, then it also works for n + 1. Indeed, if 


Dok a1424-- na EED, 
k=1 
then 
n+1 n 
k= M ke (n1) 2 (12-24 m) (n 1) 
k=1 k=1 
n(n +1) (n+ 1)(n 4 2) 


x eS EN à 
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Also, we can prove it by telescoping: 
z - us |(E-DkN _ n(n41) 
Y ke» m 
2 2 

k=1 k=1 

Another famous example is the sum of a geometric progression 
Sleko pe S 
n=0 


If x £1, we can find a telescope by first multiplying through by 1 — x giving 


N N 
(= x)S = ya — g)g^ = CL = grt) sfe Nt, 
n=0 n=0 
and hence 
pa i= xN+1 
l-g 


(Of course we could have also telescoped by noting that x” = E — ant .) 


A few other simple telescoping sums include (think for yourself before reading 
the solution) 


27. - Y (6 1) — kl) 2 (n - 1)! - 1, 
k=1 k=1 


or 


(E-e) 
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(Notice the beautiful result 


oe - (È) € 123 E... E09 =(1424---4+n)?, 
k=1 


which is a rarity in the world of sums of powers of the first n integers.) 
Also we have 


n 


7 k+1)(k+2) (k-1)kK(kK4+1)\ _ n(n+1)(n+2) 
EAD DE EU EE ja HED 


which permits us to evaluate 


Se -aeen-Ya 
k=1 k=1 


pr: +1)(n+2) n(n+1) 
DLE rue 
_ n(n +1)(2n+ 1) 
C EIE DE 


It would be hard to notice that this sum can be telescoped by using 


E — k(k+1)(2k+1) (k- DkQk- 1) 
7 6 6 
wouldn’t it? 


Now let us find a closed form for the (very important, as we will see) sum 


where x is an arbitrary number, and the binomial coefficients Gy are defined 
by 


ME n! |o n(n—- 1): (n—- ko 1) 
k)  kn-E)- k! 
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for integers n > k > 0. One also calls (5) "n choose k” because this number 
counts all possibilities of arbitrarily choosing k objects from n given objects, 
disregarding their order. The equality 


ny mcd n-—1 
(yup Lien 
can be immediately verified for integers n and k with 1 < k < n — 1 by direct 
computation. It is called the recursive formula of the binomial coefficients. 
Sometimes we will use the convention (7) = 0 for k > n, or for k < 0; with 
this in mind the recursive formula holds for k — 0 and for k — n, too. 
Using the equality 0! = 1 (again, a convention) one finds immediately Sp = 1 
(and Sı = 1 +z, and $9 = 1 + 2z + z? = (1 + z)?). Then we have, for n > 2, 


tel f fn n—1 
&-SaceY(-C,))7 
= k k 


that is, 
Sp = (1 + z)S41. 


(Notice the changing of the summation index with k — 1 = j; when k runs 
from 1 to n — 1, j runs from 0 to n — 2.) This leads to 


x eme i at -]Iüe2-a«2 


(see below how to telescope a product; do not forget So = 1). Or, if we want 
to avoid the situation when some Sẹ is zero, we just use induction based on 
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the recurrence formula that we found. Induction can also be used if we add 


all equalities Sj — Sy. 1 = zS,y , for k = 1,2,...,n in order to get 
n n 
Sn -1= S (Sk — Sk-1) = 239,3, 
k=1 k=1 


hence another recurrence relation for the sums Spn: 
Sn =14+2(S9+ S1 ++ Sn) n> 1. 


Note that if we replace z = b in the formula Sn = (1 + x)” and then multiply 
by a” we find the binomial formula (or theorem) for the expansion of the 
binomial a + b raised to the nth power: 


n 

a+b)” = (Sev. 

(a +b) 2. s 
which clearly holds for a = 0, too, although a = 0 is not allowed when con- 
sidering z = ?. The appearance of the numbers (7) in the binomial formula 
explains why they are called binomial coefficients. 
Again, we used the telescoping method (for a product, or for a sum) in a 
way that seems not to be very obvious. That is why we tried to illustrate 
a few more methods for evaluating sums, as induction and the use of simple 
algebraic rules. We will see other sums (some more general than some of those 
presented above) and other methods in the following chapters of the book. 
Before we go on, we give a few more examples; we have 


and 
1 p 1 1 
Zk+) 22. (aon m THESE) 
Ave 1 
E br s rüscn] 
= n(n + 3) 
~ 4(n - 1) (n - 2) 
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And here is our first example of infinite sum: 
n 


jp Ep RE eer jute 
k(k--1) n=% k(k--1) n=% n1] ` 


k=1 


Sc ae ! (m € n) 
—k(k+1) m n+1 =e 


and that 
id NOE: 
£4 Rk + 1)(k + 2) (4 
What is the value of 
oo 
SEED. 
= k(k+1)(k +2) 


Notice also that we used a slightly different (but not essentially different) 
telescoping formula, namely 


n 
y» — bk+1) = 61 — bn+1- 
ki 


There are, of course, many possibilities for telescoping. For example, check 
that 


n 
y (be — bk+2) = b1 + b2 — bn41 — 542. 
k=1 
Finally in this introduction we will see a few products that telescope. 
n 
For telescoping a product Il aj we would like to have aj = bk+1/bp for every 
k=1 
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k —1,2,...,n, with nonzero numbers b1, bo,...,bn, then use the formula that 
we have already seen 
“es 1 Et 
I ar = Ir EE 
k= 


Of course, in some ios we can also use 


or other similar formulae. 
We have, for example, 


z 1 T k+1 
MGts ae 


where aj = 1 + 1/k and by = k for all k. Also 
II (: _ i) - - m 


(if we allow k — 1, the product is trivially 0, because its first factor is 0), and, 
consequently, 


oo n 
II (17i) =m (1-1) = jim i-e. 
k-2 noo zd no n 


Further we can find 
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i32 


k—2 


yielding 


We invite the reader who is less familiar to the material to do all the compu- 
tations that we omit as being "evident", or "obvious", or "clear" and so on 
(and, in general, to do all the computations). Also, we strongly advise the 
reader to repeat things (which we will also do, from time to time). 

A very interesting example for the beginners is 


oo 

1 
Il (iex). 
kel 


where a is a real (or even complex) number of absolute value greater than 1 
(therefore a is nonzero). 
Of course, we look first at the finite case 


n 
1 
IL). 
k=1 


Again, a simple formula is of real help, namely a? — b? = (a — b)(a +b) but we 
use it in a particular case, and in a slightly different form, more precisely we 
use 


Thus we have 
n n ]— —— quc lcm 
1 o2 _ sor 
II (1 zn x) = II ic = D 
k=1 = 5 


Now we see why the condition |a| > 1 is given: it ensures |1/a| < 1, hence 


Ly" 
lim (i) =0 
noo a 
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whenever (%n)n>1 is a sequence of real numbers with limit oo. In particular 


1 1 
r1 1 ; PEE 1 a? 
LI l-—]-2lim ———- ————. 
a2 noo 1 1 a^—1 
k=l 1--— l-53 
a a 


We end this introductory part with a question related to the problem from 
which we started. For 
x 
ra) = e- [5] 


and n; defined by nı = n (an arbitrary positive integer) and ny = f (n1) for 
k > 2 we have seen that 


Been 


Can we compute this sum by telescoping? (The answer is yes. So, find how.) 
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Chapter 1 


Telescoping Sums and 
Products in Algebra 


One of the most useful techniques for computing sums and products is the use 
of the identity 


(a2 — a1) + (as — a2) + -< + (Anti — Gn) = An41 — 41, 


valid for any complex numbers aj,...,@n. Therefore, if we need to compute a 
n 


sum 5 bk, we might try to find numbers aj,...,@n41 such that 
k=1 


bı = a2 — a1, b2 = a3 — a2, . . . ,bn = Gn41 — On 


and then apply the previous identity to deduce that the sum we are looking 
for is simply an+ı — ai. If we can do that, we say that the sum is telescopic, 
or that it telescopes (as shown in the introduction). Finding the numbers 
a1,- - , an is the hard part of the game and lots of practice is certainly helpful! 
Note that it is always possible to find a1,...,@n41 as above, namely choose 
a, = 0, then a9 = b1, a3 = bı + 05,..., an 41 = b1 +--+ bn. Of course, this is 
not very satisfying for our needs... 

Let us start with a few classical examples. You certainly know the following 
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identities 


_ n(n + 1) 
Sona Mat 
k=1 


$ a ene 
D aes ME 
"^, [n(n-4 1) 2 
EPSESM 


n n n 
What about 5. k^, or 5 k?, or more generally DS kN with N a given positive 
integer? It turns out that one can actually find similar formulae for these sums, 


but the formulae become fairly complicated when N is large. The key idea is 
the use of the binomial theorem in the form 


(k-- 1)NH - kH = ("tee ("renes C ent 


Thus, adding these relations for k — 1,2,...,n yields (you see the telescope, 
don't you?) 


N41 
m+ —1 = ( : Jay ez cent 
N+1 
+( PON ea een) do 


N+1 
+( Rs Ja*24- n) tn 


This shows that if we can compute 17 + 22 .- ...-- n? for j = 1,2,...,N — 1, 
then we can also compute it for j = N. For instance, take N = 1, then the 


previous identity becomes 


(n-1? —1=2(14+24---+n) +n, 
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and a simple algebraic manipulation shows that this recovers the classical 
formula i 
1 + 2 + aS + = p 
Next, take N — 2, then we obtain 
(n4-19 —123(? +. +n?) K3(1 4-24 n) n, 
in other words 
(n+ 1)? -1-3(11+2+---+n)—n 
3 
3n(n +1) | 
2 


12 +- Hn? = 


n? + 3n? + 3n — 


3 
_ 2n? + 6n? + 6n — 3n? — 3n — 2n 


6 
. 2n? +3n? +n  n(2n? 3n 4 1) 


6 
| n(n +1)(2n + 1) 
ae =a 
Example 1.1. Prove that 


7.4 n(n+1)(2n + 1)(3n? + 3n — 1) 
Ds st 39-5 


Solution. From the binomial theorem we have 
(k +1)° — k5 = 5k* + 10k + 10k? + 5k +1, 
thus it follows that 
2? k*+10 3 D» k?+5 3 ptt - S~ ((k+1)°—k®) = (n--1)5—1. 
k=1 k=1 k=1 
Hence 


n(n + 1? n(n + 1)(2n +1) 


SoM = (n+1)>—10-" S eg el 
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yielding 
y= n(n + 1)(2n + 1)(3n? + 3n—1) 
30 


Example 1.2. (IMO Longlist 1977) Evaluate 
Y een (kp — 1), 


where n and p are positive integers. 


Solution. We have 


Z T k(k-- 1) (k4- p) - (k — Dk: (k-p— 1) 
k(k4-1)---(k4-p—1)9 X) ————————————————— 
o n(n+1) (n+p) 
= p+1 


For example 


Yen ner er 


(as we already have seen in the introduction) and 


E n(n + 1)(n + 2)(n +3) 
ME E E —— eee 


Example 1.3. For positive integers n and p > 2 evaluate 


n 
<4 k(k + 1)- "EE 


Solution. We have 


k(k +1): ITIN | p=1& kkt) (k+p—1) 
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fad Y ( 1 1 ) 
x p-14\k(k+1)--(k+p—2) (k+1)---(k+p-1) 
EE t 1 1 ) 
p-lX(p-1! (n-l)-(nctp-1)/- 
For instance, 
EES a 
cs (k+1) n+ 
and 
Y -— — (5 A emm 
c k(kri(kr2) 242 (n+1)(n+2)/' 
Example 1.4. (IMO Longlist 1970) For even positive integer n, prove that 
n/2 


2 1 1 

=f ilo 2 — 2 . 
2 ) i D n+ 2i 
i=l i=1 


Solution. Induction on n works. It is easy to verify the case n = 2, so assume 
the result is true for some even natural number n. Then 


n+2 


j 1 1 
meg \tar le Se 9 y+, l 
Senin ie h -pt Eeo] 


and by the inductive assumption, this will be equal to 


! ! + : +2 l ++ : 
nt+1 n+2 n+2 n+4 ntn)- 


Since 
db = a 
ntl n+2 “\(n+2)+n  (n+2)+(n+2) 
n+2 
^ 1 
the sum becomes 2 È "io which finishes the proof. 


= 
The next example involves factorials. 
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Example 1.5. Evaluate 
12.21 22. 3! - --- n? (n 4 1)! 
Solution. We try to find numbers a; such that 
k7(k +1)! = apy, -ak for1 X km. 
It is natural to look for a; of the form aj = k!b, for some number bg. Indeed, 
the previous relation becomes then the much easier 
k?(k 4- 1) = (k + 1)bk+1 — dp. 


Next, we try to find bg of the form by = P(k) for some polynomial P. Thus 
we ask that 

k?(k +1) = (k - 1) P(k +1) — P(k). 
If we are lucky, the previous equality holds for all integers k and so, by con- 
sidering degrees P must be quadratic and monic, say 


P(X) 2 X? - cX +d. 
Plugging in the previous relation yields 
k?(k 4-1) = (k+ 1)((k +1)? + e(k 4-1) +d) — k? — ck — d. 
Identifying coefficients easily yields c = —1 and d = —2. Thus 


Y k?(k +1)! — Y +1)!((k +1)? — (k + 1) — 2) — k!(k? — k — 2)] 
k=1 k=1 


= (n 2)(n - 1)(n *- 1)! — (1 + 1)(1 — 2)1! 
= (n — 1)(n - 2)! - 2. 


This example illustrates an extremely important technique for finding tele- 
scoping sums and products. We did not immediately see the correct formula, 
so instead we guessed what the form of the answer might look like. Since we 
weren't sure of the exact form, we guessed a form with some undetermined 
parameters (in this case, the degree of P and its coefficients). We then used 
the fact that we wanted the sum to telescope to let us solve for these parame- 
ters. Since we guessed the correct form, we were successful and we solved the 
problem. 
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Example 1.6. Evaluate 


XOKK? + & +1). 


k=1 
Solution. We try to write 
ki(k? +k +1) = a&41 — ak 


for some numbers ag. To get rid of k!, let us choose ay = k!by for some 
numbers b; that we still have to find. Then 


ak+1 — Gk = (k + 1)!b, — kl = k!((k + 1)bk+1 — bx), 


so we need 
(k+ 1)bk41 — b — k? - k - 1. 


But there is an obvious choice: set bj; = k for all k. Thus we can take aj = k-k! 
and the desired sum telescopes nicely: 


n n 
Y RE? Ek +1) = S [e+ 1I +1) — k!k] = (n+ 1)!(n +1) - 1. 
k=1 = 
Example 1.7. Evaluate 

youn 3k? —1 

(5$. 12* 

£^ (k3 -k) 

Solution. First, observe that 


1 1 


Now the series telescopes as 
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Example 1.8. Compute 
1.3! 2-4! n: (n 4-2)! 
1-3! HC 


3 tog tt 3n 
Solution. Observe that 


k(k +2)! _ (k+3-3)(k +2)! _ (k +3)(k +2)! — 3(k + 2)! 


3k 3k 3k 
_ (kK+3)!—3(k+2)!  (k+3)! (k + 2)! 
= 3k | gk gk 


We obtain therefore a telescoping sum 


ppp) -5 (> ean) (r3! 3 _(n+3)! o 


k k ^ — 9k-1 = 0 
E "um 3 3 3^ 3 3^ 


Example 1.9. Evaluate 


— V2k 1-4 V2k-1 
Solution. This problem requires some algebraic skills. To simplify the for- 


mulae let us denote 
a=vV2k+1, b-—wV2k- 1. 


Then 2k + 1 = a? and 2k — 1 = b?, so that 4k = a? + b? and 4k? — 1 = a?V?. 
Thus 


Y Ak + VAk? — 1 
k=1 


a3 — b3 
4k + vV4k?-1 a? +b? -ab a +ab+b? a-b œ- 
V2k+1+vV2k-1 a+b a+b a+b a®—b? 
Since 
a? — b = (2k + 1) — (2k — 1) = 2, 
we obtain 


4k +v4k? -1 a — B® — (2k + 1)8 — /(2k — 1)3 
V2k+1+vV2k-1 2 —— 2 
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Telescoping, we find 


5 Ak + v4k?— 1 vV/ (2n 4-1)? -1 
k=1 


— V2k+1+V2k—-1 | 2 
Example 1.10. Evaluate the sum 


2 92 93 gn+l 
quU "Sei ee EE 


Solution. We know that 


io cid o cde roy ae Oi 
Gg -..a-—1 al 2\a+1 4—1/' 


which implies 
1 1 1 


atl 26@=4) B-L 


E 
2 
Applying this identity with a — 32 we obtain 
Poa 1 
2(32 +1) o(92*-1) 37t -1 
Multiplying this by 2**?, we obtain the relation 


9k41 n 2k+1 9k42 
quo. cT] 37L] 


Thus 
2 92 93 9n4l n ok+1 9kr2 
rM cc PE rou er e 
n+2 
ET ERE AREE 
gant = 1’ 


and we are done. 
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Example 1.11. Evaluate 
n 
2. i 
PUT ENS 
E 4k* +1 


Solution. The key ingredient in solving this problem is realizing that the 
denominator factors rather nicely. Indeed, 


4k* +1 = 4k* + AK? + 1 — AK? = (2k? + 1)? — (2k)? 
= (2k? — 2k + 1)(2k? + 2k + 1). 


On the other hand, we observe that the numerator 4k is simply the difference 
between 2k? + 2k + 1 and 2k? — 2k + 1. Therefore 


5 4k E aa e RD 
i kA 


£4 QE + 2k + 1)(2k? — 2k + 1) 


- 1 1 
=o (Gece -arrari 


We almost have a telescopic sum: letting a, = 2k? — 2k + 1, the only extra 
observation we need is that 


2k? -- 2k +1 — aga. 
Indeed, aj = 2k(k — 1) + 1 so 
Gk41 = 2(k + 1)k +1 = 2k? 4 2k 4- 1, 


as desired. Therefore we have a telescopic sum 


n n 
se > ———— 
ARE lo a 2k?—2k--1 2(k+1)} —2(k+1)+1 


zi 1 _ 2n? + 2n 
^s Qn2+2n+1 RH+’ 


and we are done. 
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Example 1.12. Let a1,a2,...,@n be positive real numbers such that 
aiaz: an = 1. 


Prove that 
Q1 a2 a3 
a fe Ht 
l+a, (l1+ai)(l+a2) (1+ a1)(1 4- a2)(1 + aa) 
+ — ee ee aa > 2-1 
(1+a1)(1+ag):--(1+@n) ~ 2” 


29 


Solution. The sum in the left hand-side is actually fairly easy to compute 


once we realize that 
ak l+a,-1 


Gral ra arae ep) 
1 1 


Therefore the sum is telescopic and 


7 ak 1 1 1 
p ——— — — — — E P 
(121): (197 a&) l+a, 1l+a, —(1-c21)(1- a2) 


k=1 
ite i en NES NEN 
(1+ai) e (1+an-1) (1+4))---(1+ a5) 
1 
E (1+ai) (1-04) 
Since 
2^ —1 1 
m Tlw 
the problem reduces in the end to the inequality 
1 z 1 


oe = (pal) eb an) 


which is equivalent to 


(12- a1): (147 a4) > 2”. 
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This is a fairly standard consequence of the AM-GM inequality, since 


loa, 22J/a, 1+ a2 > 2//a2,...,1-F an = 2Van, 


thus 


(14-21) (1E an) > 2^ /a1--- as = 2". 
Example 1.13. Evaluate 


4—1 42—1 44—1 48-1 
Solution. We are asked to evaluate 


O g2 COE 


2n 4 — 2s n+ (^ 
a4 1” 42 1 
First we have 
27" 22” 

gta Oae E 

0.7 £1-1 
~ (27^ 4 1) (22^ — 1) 

1 1 


= oF LT 


which implies 


22” 1 1 
aee Tàu e) 


1 1 1 


—C35—1 ee lO pray 
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Example 1.14. (IMC 2015) Define a sequence (F(n))n>0 by 


F(0) =0, F(1) = 2 andis > F(n -1)- F(n—2) 


forn> 2. Is 2a Fí T a rational number? 


Solution. Let us start by finding the general term of the sequence (F (n))n>0. 
Note that the recurrence relation can be written 


F(n) 2 2F(n - 1) 4 Po D — F(n - 2), 
in other words 


F(n) —2F(n—1) = F(n— 1) -2F(n ~ 2) 


2 
The sequence G(n) := F(n) — 2F(n — 1) therefore satisfies 
-1 
da e 
2 
and by an immediate induction (or using a telescopic product) we obtain 
GQ) 3 
G(n) — 9n-1 ^ 9n* 


Thus 
F(n)—-2F(n—-1)2 — 
and dividing by 2" yields 
F(n  F(n-1) 3 
9n — gn-1 g 
Adding up these relations for n — 1,2,..., N and recognizing a telescopic sum 
on the left-hand side yields 


N N 
F(N) 3 1 
ree QN i-x)ci-am 
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which yields 
F(N) =2N -2-%. 
It follows that 
1 1 22” 1 1 


FOR) um EU I e en ee 


We recognize the telescopic sum from the previous example and we conclude 
that 


: 1 
= m (rng) 


which is a rational number. 
Example 1.15. Let 
LoT 1 
hn =l1ltaitecte +e N*. 
*gtgt + 55 forne 


Prove that: 
1 1 1 


M'-sP' * O-DMT 


for any positive integer n. 


2 


Solution. We have 


hy — hk-1 = and hg. < hy, 


1 
2k —1 
therefore 

1 _ hk— hk | he — hk 1 1 
(2k — 1)h2 i h? hkhk-1 hk-ı hk 
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for n > 2. Now sum these inequalities in order to get 


= 1 = 1 g ( 1 -) 
——— AE <l —-.— 
2 ORD 2. E > hı hk 


1 1 1 
Eques p d 
TESTA. nud 


as required. 
Example 1.16. Find and prove a simple formula for the sum 


NN NN Oe QUE (—1)"- (2n + 1? 
1444 35-4 5444 (Q2n+1)4+4 
Solution. We have 
a^ + Ab* = af + 4a7b? + Ab* — 4076? = (a? + 267)? — (2ab)? 
= (a? — 2ab + 2b*)(a? + 2ab + 20?) 
a formula that we will often meet, in various appearances. In this case we use 
it for 
(2k +1)4 +4 = ((2k + 1)? — 2(2k + 1) + 2)((2k + 1)? + 2(2k + 1) + 2) 
= (4k? + 1)(4k? + 8k +5). 


Because 4k? + 8k +5 = 4(k +1)? +1 we can hope that the decomposition as 
a sum of simple fractions of the general term of the sum (without the sign), 


(2k + 1)? (2k + 1)? 


(2k +1)4+1 (4k? 1)(4K? + 8k + 5) 
will give something useful. And indeed, if we write 


(2k + 1)? |. Ak - B Ck+D 
(4k? +.1)(4k2+ 8k +5) 4k? 41 9 4k? 4+ 8k45 
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and identify coefficients we find that 


(2k + 1)? o k y k+1 
(4k2 - 1)(4k?--8k--5) 4k241  4k2?+8k+5 
k k+1 


ae EL Ae F 


which immediately permits the evaluation of the sum by telescoping: 


- k kl 
= _1)k 
apt EXER ES ES 


k=0 
= 5 (ce = (pri es 
= Ak? +1 A(k+1)?+1 
=—(-1)"1. — "tI  _ (-1)". ntl 
4(n+1) +1 An? + 8n +5 


Example 1.17. Calculate the sum 


1 


VETVETT 


For this, let us denote a = k + Vk? — 1 and consider its conjugate expression 
b= k — Vk? — 1. Then a +b = 2k and 


2 
ab—k?^—4/k?—1 =k? —(k—1)-1. 


Solution. We need to understand the expression 


Thus 
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On the other hand, let us observe that 


Rp ice ed 
= TREE! EFE- 
| k+1-2/+DR-)+k-1 
Se 


(Vk *1- Vk-1) 
2 ) 


hence 
Ji Vk-1-Vk-1 Vk+1—-Vk4+Vk-Vk-1 
pur ver eue UP A oT M E NCMO 
/2 V2 


We recognize two telescopic sums and combining the previous observations we 
obtain 


1 o. vk+l-vk+vk-vk-1 
2 k+vk? —1 2 v2 
-2 yntl-1 yn- v0 
v2 v2 
_vnti+yn-1 
a gh 


Example 1.18. Compute the sum 


E COME NE is 
12.32 32.5? (2n — 1)? - (2n 4-1)? 
Solution. Observe that 


(2k +1)? — (2k — 1? = 4k? + Ak + 1 — (4k? — 4k + 1) = 8k, 
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k m: 8k 
(2k--1?.(2k—1)? 8 (2k+1)?- (2k — 1)? 
_1 (2k+1)? —(2k—1)? 
..8 (2k+1)2- (2k —1)2 
1 1 1 


-i (ay ea): 


We obtain this way a telescopic sum, whose value is 


Y — k y L1(l 1 Y, mtn. 
£4 Qk-1?.Qk-1? 817 Qnc1?/ 2(Qn41) 
Example 1.19. (USAMTS 2002) Compute 
1 1 1 
1/24-2/1 2/3-3/2 3V/4-AV3 


1 
EL ——————————. 
4012008 4012009 + 40120094/ 4012008 


Solution. We are asked to compute 


4012008 
1 


2. kV/k 3-1 (k-- 1) k. 


Let us deal with the general term: 


1 1 

kvk+1+(k+1)vk | VE: VETT. (Vk VE 1) 
_ vktl- vk 
(ovk. VR FI 


where the last equality follows from the simple identity 


(Vk Vk 1) (Vk 1- vk) 2 1. 
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We deduce that 
ee MEM RE. 
kV/k+1+(k+1)Vk vk wvkctl 


which shows that our sum is a telescopic one, with value 
4012008 


1 1 


3 kV/k 3-14 (k - 1) Vk 4012009 
Finally, note that 
4012009 = 4 - 10° + 12 - 10° + 3? = (2. 10? + 3)? = 2003?, 


thus 
1 1 1 


1/2-4-2/1 2V3+3V2  3/4-- AV3 
gc TM MENS. SLM M 
40120084/ 4012009 + 40120094/4012008 7 2003 2003 


Example 1.20. Evaluate 
Y kè +k-1 
(k+2)! ' 


k=1 
Solution. Let us try to find numbers bj, such that 
k +k-1 _ bk i bk 


(kx-2)  (k+1)! (R42) 
Clearing denominators, the previous equality is equivalent to 
k? +k-—1= (k + 2)bk-1 — bk- 
Let us look for bj = mk + n with m,n real numbers. We would like to have 
k? - k - 1— (k - 2)(mk - n — m) — (mk 4- n) 


for all k. Identifying coefficients yields m — 1 and n — 1, in other words 
bk = k + 1. We deduce that 


y an k č — k+1\_1_ n+l 
ex (k+2)! E= (k-1) (k+2)!/ 2 (nm+2U 
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1 
Example 1.21. Define a sequence (£n)n>1 by z1 = 2! and for n 2 1, 
gue ft r? 
"HO T+ an +23" 
Compute 
1 1 1 1 1 
+ ——~ + —— + --- + ——— + ——. 
zı+1 z2+1 2341 z215 +1 T2016 
Solution. The recurrence relation can be written 
1 1 A 1 1 
as Ln r2 Ln(Ln + 1) In @t+1 
which can be rearranged as 
1 1 1 
In +1 In n+l 


We deduce that 


= 2015 + 2 — i 
£2016 

This shows that the sum we are asked to compute equals 2015 + 2 = 2017. 
Of course, the number 2015 plays no special role in this problem. In the exact 
same way we can prove that 


See 
i ek tl Tn41 T1 


n 
for any positive integer n. 
Example 1.22. Prove that for alln > 1 


n 


1 
2 IDE 


k=1 
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Solution. We have 


k=1 1 k=1 
aye 
A k aed 
n Vk n+1 P 
mE c 
k=2 k=2 
n 
p qv coc] 
n+ rms 
It suffices therefore to prove that 
n 
Edd 
k=2 
But 
Vk-Vk-1 vk-Vk-1 1 1 
k k(k — 1) k—-1 Vk 
thus 
n n 
k-Vk-1 1 1 1 
x : oD -3 =1-4<1, 
=a = k—1 k n 
as needed. 


Example 1.23. (IMO Longlist 1970) Let n be a positive integer. Prove that 


Solution 1. We have 


0 « (k — 1)k(k +1) 2 k(k? — 1) < k’ 
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for all k > 2, hence 


d ie 1 
— < a ———— —ÁÀ 
»- 2 DERE) 
lx 1 1 
cog) 
1/1 1 1 
"366-39 75) <a 


which is clearly equivalent to the required inequality. 
Solution 2. We prove the stronger inequality 


1 1 1 1 1 E 5 
tataut tw t as 4 
for all positive integers n > 1 (the equal sign only appears when n € {1,2}). 
This is a common trick in induction proofs of inequalities. A direct induction 
proof of the desired inequality would fail. So instead one looks for an improved 
inequality where induction does work. The induction step follows from 


ibd esp qom que utu s 
23 93 k9  (k-c-1)9  4(k+1) — 23 33 k3 4k 
which is equivalent to 
1 1 1 1 


EFIE ^ 4E ETI)” del) 
and to 
4k € (k- 1? & (k 1)? > 0. 
Since this inequality is strict for k 7 2, we will also get 
TE re EE d 
23 33 n? 4n ^4 
for n 2 3. Anyway, the original inequality 
KM E 
23 38 n3 ^4 
is definitely strict for all n > 1. 
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Example 1.24. (IMO Longlist 1970) Let 1 « n € N and 1 € a € R and 
suppose there are n positive numbers xi, i € N, 1 € i € n such that x1 = 1 
and x;/xj-1 — a +Q; for 2 € i € n, where a; € li(i +1). Prove that 


1 
"Vin < a + ——. 


n-—1 
Solution. Note that 
Ln = In—-1(A+ an) — ::: = (a + a2) (a + a3) (a + an). 
Therefore we obtain 
(n — 1)” Yin = (n — 1) "Y (a + az) (a + o3) --- (a + an) 
AM-GM k 
< (n-1)ja+ 5 Qi. 
i=2 
Therefore it is sufficient to check that 
a2 +a3 +: +an<l. 


Noting that 


we obtain 


Equality does not hold since n # —3, and all the a; cannot be equal. 


Example 1.25. Let n » 1 and defined ag = 1/2 and, for 0 € k X n—1 
a = Qk + a 
k+1 — Ok ři . 


Prove that 
1 
1 acc" « an < 1. 
n 
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Solution. Note that 
1 _ n E n B 1 1 


ak+1 Nak+a? ag(n-dag) ak nda 


thus 
1 l- ub 
Ok ak} ck 
We add up these relations for k = 0,1,...,n — 1. We recognize a telescopic 


sum in the left-hand side, hence 


Each term 1/n + aj appearing in the last sum is smaller than 1/n, hence the 
1 
whole sum is smaller than 1, which yields 2 — T « 1 and then a; « 1. 


n 
Using again the recurrence relation, we obtain a&41 > ax, thus ay < 1 for all 
k € n. But then 


n—1 


1 n 
hay P tak n+1 
and so 
Mice cH 
a, n+l1 
This simplifies to 
n EL 1 sd 1 
"peu n+2 n! 


which finishes the solution. 


Example 1.26. (IMO Shortlist 2001) Prove that for all real numbers 
L1,...,2%n we have 


Ti T2 In 
+e mere | 7 tiga 2+ +e Ve 
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Solution. Using the Cauchy-Schwarz inequality we obtain 
X1 T2 T 2 
n 
(a * 1+a7+ 22 ap ens ena) 


n 
S m Le m 


Thus it suffices to prove that 


Letting a, = £? +: -- + 22 (with the convention that ag = 0), observe that 


2 
Tk ak — Ak-1 ak — Ak-1 


(Ltat+-:-+a2)? (ca T (1 +ax)(1 + ax-1) 
1 1 
lagi dlcay 


We deduce that 


— (l+aj+---+a3)? T L+ae-1 l+ak) —— la, ^7 


k=1 k=1 
as desired. 
Example 1.27. Prove that for all positive real numbers x1, X2,...,2n 
E GEM SEP Sn TIO RISE 
l+a, 1+2414+ E 1 +r trat: +E Tti T2 Tn 


Solution. This is very similar to the previous exercise. Using the Cauchy- 
Schwarz inequality yields 


(tnat ! | 
l+zı 1+21+%2 ldzid Xd EF 
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(54i. +2) a M 
T (1 22 In m e 2%)? ] 


It suffices therefore to prove that 


n 
Tk 
=; «1 
for all positive real numbers 2z1,...,z4. But this is precisely what has already 
been established during the solution of the previous exercise! 
Example 1.28. Prove that: 


2 (Vn 1-1) zx 


k=1 


al- 


Solution. We have 


1 1 
VERIS CUR AE 


because the last inequality is equivalent to Vk + 1 > Vk, and, similarly 


1 1 
estque i ecce 
Vk+Vk—-1° 2Vk 
Thus, 
1 
2 (Vk - vk) < z <2 (VE-ve=1) 
for every positive integer k. We sum these inequalities for k = 1,2,...,n and 
obtain 


T n 1 n 
k —vk = k-—vVk-1), 
2.2 (vee (s ge Vk-1) 
that is, the desired inequalities 
2(Vnc1-1) 3S z < 2V, 


because the first sum and the last sum telescope precisely to what we need. 
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Example 1.29. Let ag = 1 and an41 = a9:-:aà4, +1, n > 0. Prove that 


1 1 1 
— Bee LL =], 
ai an QAn+4+1 — 1 


for all n 2 1. 


Solution. For k > 1 we have ag::: ag 1 = ag —1and ag: : ag 1a = Gk44 — 1. 
Then 
Qk+1 — 1-— (ak = 1)ai 


and 
1 1 1 1 


ük41—1  (a&—l)u ak-1 ap 
meaning that 
1 1 1 


ak  Qyj—1 Qg41—1. 


Summing up from k = 1 to k = n and noting that a; = 2 yields the desired 


result. 
Example 1.30. (Romania TST 2003) Let (an)n>1 be a sequence of real num- 
bers given by a1 = 1/2 and for each positive integer n 
2 
m an 
Snl B a2 —an+1 


Prove that for every positive integer n we have a1 4- ag t---- c a4 <1. 


Solution. Setting bn = 1/an, the recurrence relation becomes 
bn+1 == bl —b,- 1l, 
that is 
bn — 1 " 
Multiplying these relations we get 


1 1 1 
a aE Sa TT a TTT 
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Telescoping again we get 


1 1 1 1 
artaz + +a, =H 


pak toe 
Ra bs b. Wb cus 


and we are done. 
Can you see the similarities between this problem and the previous one? 


Example 1.31. Compute 


133 1-358 3c 


Solution. Note that 


k 2T: EIS 
1-3-...-(2+1) 2 1.3..... (2k 1) 


E 1 1 

~ 2 MA1-38....-(2k-1) 1.3.....(2k - 1)" 
We obtain therefore a telescopic sum, with value 
UNE HE PNE NE 
£21:9:5 (r1) 2 1-3-...- (2n - 1) ` 


The “note that” part seems to come from nowhere, so let us explain a little 
bit more what is happening. Ideally we look for numbers a, such that 


k 
apk rie he MERE 


The form of the denominator strongly suggests taking 


bk 


ae e 


for some numbers by. The previous relation is then equivalent to 


k = (2k + 1)bk = bk+1- 
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Again, looking for a polynomial sequence bj = P(k) yields 
= (2X -1)P(X)- P(X +1) 


and degree considerations show that P is constant, necessarily equal to 1/2. 
As shown in the introduction the idea in telescoping products is very similar 
to that related to sums (only cancellations are between multiplicative factors 
rather than additive terms). We repeatedly use the following result: 


n 
Ira = 
, 


where aj, £ 0 for all k. 
We have already seen some simple examples in the introductory part. Let us 
see some more. 


Example 1.32. Evaluate the product 


k 
z) 


Solution. Things are fairly simple here, since 


9k 142425. 142*H 


lea L 
+ Tok 1+ 2k 142" 


the product is telescopic and 


n n 
9k 14 2^ 124 2"t* 

ite ST ee |= 
1+2 1+2 3 
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Solution. By the formula 


att 7= CREE) (223) 
E (@-a+5) (@+1?-(a+1)+5), 


we have, after all simplifications, that our product is equal to 


T (e-+ +3) T (e;-»* - 6-95) (e-e) 


=1 = =! 

Tle +3) ier - 33) (@i +0? - @+1) +5) 
1 
2 u 1 


D ee aa 
(Qn 1? - Qn 1) z E 


Il (S - Jj 
a : 
^ir ke -1 
Solution. The numbers k — 1 and k + 1 strongly suggest the use of the 
classical formulae 


a? — b? = (a — b)(a? -- ab + ?), a +b? = (a 4- b)(a? — ab + b°). 


Example 1.34. Evaluate 


We deduce that 
kj-1 (k-1)(RP+k+1) k-1 KE-k-l 
k$-1 (k+1)(k2-k+1) k+1 k?-k+1 


is a telescopic product: 


T k-1 
Note that Il EX 


"k-1 k(k — 1) 2.1 
kl -Ii- n(n 4-1) 
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The key observation is that 


k? pk c1 (kx 1? — (k-1) 1, 


dus pp E SPESE ns cx eb discedit isl 
us Ii EX ES 1 is also a telescopic product, more precisely 


poses == (k+1)+1 (n+1)?-(n+1) +1 


a ey k+1 T 3 


Putting everything together we obtain 


Tean 2. (mn 41)2-(m+1) +1 2 tati) 
He 3 —— 3n(n+1) ` 


Again, this allows evaluating the corresponding infinite product: 
k$—1 ar (e=1 _ 2&n?+n+1) 2 
I (i u)- w (Sci i) = ee 3n(n-1) 3 
Example 1.35. Prove that for alln > 1 
n 
1 
I] (1+ 5) <3 
3 
k=1 ( k 
Solution. We have for n > 2 
k3 - 1 ke + : 
II (2 +g) =? I^ EU | 
In the previous problem we have already computed the last product (actually 


3(n? +n) 
L—————, th 
2(n? 4- n 4- 1)' ici 


- 1 3(n? +n) n? +n 
1 2. = 3. 
II ( +p) < 2(n? +n +1) wager 


its inverse), which equals 
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We can also use induction to show the stronger inequality 
n 
1 1 
Beg): 
k=1 n 


(sometimes a stronger inequality can be proven by the inductive method, while 
the weaker one cannot be thus proven). Actually the equal sign holds only for 
n = 1 (which is immediately seen) for n > 2 the inequality is strict. We still 
need to prove that if 


then 


And, indeed, by using the induction hypothesis, we have 


IL) E (f &)) (ve elus) 


1 1 1 
« Es ETE MERE Men 
< (3 9 (1+ aaa) <? n+l? 


the last inequality being equivalent to 
3 1 1 2 1 1 as 3n —1 gi 1 
nj (n+18 ^n n+1 ` n(n+1)} ` n(n+1) 
e3n-1«(nr1?e0«n?-n-2. 


Example 1.36. Prove that for any positive integer n > 1 we have 


1 13 2n-1 1 


-— ——— « : 
2Jm ~ 24 2n ant 
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Solution. We have 


2 
(iz) ZI PE 
a 2k 2 i (2k — 2) (2k) J 2n ^ 4n 
whence the first inequality follows. Also, 


2k—1 (2k-1)(2k+1)\ 1 1 
(1153 mat) - (Tray (2k)? eee) eg. 


k= 


which gives the second inequality. We used 


(2k — 1)? Ak? — 4k +1 
Qk—2)0k)  4M-4k ^b 522 
and 
(2k—1)(2k+1) 4k?-1 
(2k)? | 4k? 
Example 1.37. Let a4 =1+2+4+3+---+n. Compute 
a2 a3 an 


<1,k>1, 


Solution. We have 


hence 
ak k(k + 1) 


ak—1 k(k+1)- 
The key remark is that the denominator factors nicely, since 


k(k+1)-2=k?+k-2= (k — 1)(k - 2). 


Thus 
ak k(k + 1) = k k+1 


a,—1 (k—1)(k+2) k-1 k+? 
We recognize two telescopic products and deduce that 


je -i yet - 
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Chapter 2 


Telescoping Sums and 
Products in Trigonometry 


'To solve this type of problems you need to have a good grasp of trigonometric 
identities. These identities are studied in school, but we recall some of them 
here. 


Half-angle formulas 


a 
2tan — 
sina = A 
] + tan? - 
1 — tan? = 
cosa = a 
1+tan? 2’ 
a 
2tan — 
tana = 2 
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Triple-angle formulas 
sin 3a = 3sina — Asin? a, 
cos 3a = 4cos? a — 3cosa, 


3tana — tan? a 


tan3a — 
1 — 3tan?a 


Sum-to-product formulas 


b —b 
sina + sinb = 2sin Ey cos t 
b —b 
cosa + cos b = jos t cos 2 "E 
tana + tanb = pinto) 
cos a cos b 
, : . a—b a+b 
sina — sin b = 2sin cos "E 
. a—b . a+b 
cosa — cosb = —2 sin sin—7-—, 
tana — tan b = pago 
cosa cos b 
Addition-subtraction formulas for tangent 
tana + tan B 
t SS 
ay) 1—tanatan 8’ 
tana — tan B 
t = B) = —————————. 
aun 1+ tana tan f 
Example 2.1. Prove that for all real numbers x,y,z we have 
(a) sinz 4- siny + sin z — sin(x + y + z) = 4sinŽ tY ain E sin ? 5 Z. 


TTU a NE 


(b) cosx + cos y + cos z + cos(x + y + z) = 4 cos 2 5 
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Solution. (a) Applying the formula 


5 X T 
sina — sinb = 2sin S 
2 2 


we obtain 


sing — sinis +y +2) = —2sin Pf cos (z + 272). 


On the other hand, 


siny +sinz = 2sin 172 DA 


Thus 


sin z--sin y+sin z—sin(x--y--z) = 2sin y j s c ALD (: + yt 3) , 


It suffices therefore to prove that 


cos S — cos (s+ 235) = 2sin T T sin 777, 


which is another consequence of the formula 


a+b 
Dos 


For part (b) we can proceed similarly, or we can transform products into sums 
by using the formula 


. b-a, 
COS a — cos b = 2sin sin 


2 cosa cosb = cos(a — b) + cos(a + b); 


So, we have 


2 ER 
dut a t a TES qua EE a ee Z \ co gtz 
2 2 2 2 2 
2 
=2 CURL PEE o os 2 = cos 17 2 


= cos(x + y + z) + cos z + cos y + cos z. 


56 Chapter 2. Telescoping Sums and Products in Trigonometry 
Telegram.me:(gmath books 


The attentive reader has probably already noted that any of these identities 
transforms into the other one under the substitutions z 2 $ —2,y 5 5—w, 
z — 5 — z. (So, basically, we have a single identity with two forms.) 
Example 2.2. Prove that in any triangle ABC we have 


deo LU LI unu LL a 
Feo 2 EET 4 4^ 


Solution. Note that since A+ B + C = 180°, we have 
2 . B+C 
E oa a 


A 
cos — = cos e — 
2 
ur B C ] ] 
and similarly for cos 5 and cos PE Using Example 2.1 we obtain 
A B 
cos £ + cos = + cos T — sin(A 4- B - C) 


2 


er A+B EG EO) E Qr A dn C 
On the other hand, sin(A+ B + C) = 0 and 


(A+ B)+(B4+C)=A+B+C+B=r+B, 
yielding the desired result. 
Example 2.3. Consider two triangles ABC and A'B'C'. Prove that 


A+A’. B+B . CC! 
sin 2 sin 2 A 


sin(A+ A’) +sin(B + B’)+sin(C + C^) = 4sin 
Solution. Note that 

(A+ A’) - (B + B^) + (C + C") = 360°, 
thus using Example 2.1 we can write 

sin(A + A’) + sin(B + B^) + sin(C + C") 


. A-A'-BEB', B+ B4+CiC |. C4+C'4+A4A! 
= Sg eg 
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A+A’+B+B’ 360°-(C+C’) o C+C 
= = 180° - ^ 
2 2 2 
hence 
_ A+A'+B4+B' _C+C 
sin —————————-_ = sin : 
2 2 
Similarly we obtain 
_B+B+C+C , A+A) . C+O4+A+A  , B+B 
sin ———_.____ sin sin ——_,,___ = sin —5 


and the result follows. 
Example 2.4. Prove that 
(4 cos? 9? — 1)(4 cos? 27? — 1)(4 cos? 81° — 1)(4 cos? 243° — 1) 
is an integer. 
Solution. The formula 
sin3z = 4cos? zsinz — sin z 
can be easily obtained by the usual transformations: 
sin3z = sin(2z + x) = sin2z cos x + sin z cos 2x 

= 2sin z cos? z + sin x(2 cos? x — 1) 

= 4cos’ z sin z — sin £ 
(it is one of the forms in which sin 3x can appear). Thus we have 


sin 3x 
sin x 


4cos? z — 1 = 
and our product becomes 
(4cos? 9? — 1)(4 cos? 27? — 1)(4cos? 81? — 1) (4 cos? 243? — 1) 
. sin27° sin 81° sin 243° sin 729° — sin729? — 


~ sin9? sin27° sin81? sin243° sing ^" 
because sin 729° = sin(9° + 2- 360°) = sin 9°. 
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Example 2.5. Prove that 
(4 cos? 9? — 3)(4 cos? 27? — 3) = tan 9°. 
Solution. We use the formula (prove it!) 


cos 3x 
cosg ’ 


4cos? z — 3 = 


which yields 
| Cos27? cos81°  cos81? 


cos9?  cos27?  cos9? ` 


(4 cos? 9? — 3)(4 cos? 27° — 3) 
On the other hand, we have 
cos 81° = sin(90 — 81)? = sin 9°, 
which finishes the proof. 
Example 2.6. Prove that 
sin? 18° + sin? 30? = sin? 36°. 


Solution. Using the formulae 


1— 2 b— b 
a mN cosa — cosb = 2 sin d unc ; 
2 2 2 
we obtain 
36° — 72° 
sin? 36° — sin? 18° = SCS? — C98!^ L gin 18° sin 54°. 


2 


1 
Since sin? 30° = T it suffices to prove the equality 


sin 18° sin 54° = 2 
On the other hand 
Asin 18? sin 54? cos 18? = 2 sin 36° sin 54? 
= 2 sin 36° cos 36? 
= sin 72? = cos 18°. 


Dividing by the nonzero number cos 18° yields the desired equality. 
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Example 2.7. Prove that 
tan? 36° tan? 72° = 5. 


Solution. Note that, basically, all values of the trigonometric functions for 
arguments 18°, 36°, 54°, or 72° can be written as simple algebraic expressions. 
Specifically, we have 


cos 36° = sin 54? = hs 2 cos 54? — sin 36? — e 
and 
cos 72° = sin 18° = Be : cos 18? = sin 72? = viot : 2/5 


For instance, if we denote by t = cos 36°, from the equality 
sin(2 - 36°) = sin(3 - 36°) 


we infer 
2t sin 36° = (4t? — 1) sin 36? 


hence 
4t? — 2t —1— 0. 


As t > 0 we get t = (v5 + 1)/4, and all the other values follow from this by 
basic formulas. Of course, this observation provides another solution for the 
previous exercise. Now, for the present one, we have 


sin36? sin72?  2sin?36? 
cos369 cos72° cos'72? 
2 — 2 cog? 36° 

^ 2cos2369—1 v5, 


V541 
T 


tan 36° tan 72° = 


because, as we have seen, cos 36° = 
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Example 2.8. Compute 


1 1 1 1 
tiae o Restos 757 7 Tecoreae” 


Solution. The key observation is that if z + y = 90°, then 


1 1 
Ivo l+coty — 


Indeed, we have 
cot(x) = cot(90° — y) = tan y, 


hence 
1 n 1 = 1 y 1 
l+cotz 1l+coty 1+tany 14 1 
tany 
1 tany 


~ [+tany l+tany | 
It follows that 
1 1 1 1 


REGEL o EP zx 
1+ cot 1? a; 1 + cot 89° * 1+ cot5° * 1 + cot 84° à 


Adding these relations and taking into account the term (which 


1 
1 + cot 45° 
cannot be paired with another term), we obtain 


: + : + : Tel : =11 + l 
l1+cot1°  1--cot5? ` 1+ cot9° 1--cot899 - 1 + cot 45? 


1 
—114-- 11.5. 
S 2 
Example 2.9. Prove that 


tan 10° = tan 20? - tan 30? - tan 40°. 
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Solution. Using the formula 


the equality is equivalent to 
sin 10? cos 20? cos 30? cos 40? = cos 10? sin 20? sin 30° sin 40°. 


We now use the identities 


cos 60? + cos 20° 


cos 20? cos 40? — 7 


and 
cos 20? — cos 60? 


sin 20? sin 40? — 7 


to reduce the previous equality to 
sin 10? cos 30? (cos 60° + cos 20?) = sin 30? cos 10? (cos 20° — cos 60°), 
which is equivalent to 
cos 60° (sin 10° cos 30? --sin 30? cos 10°) = cos 20? (sin 30° cos 10? —sin 10? cos 30°). 
Using again the standard formulae, this reduces to 
cos 60? sin 40? = cos 20° sin 20°. 
Since cos 60? — 1/2, the previous equality reduces to the standard formula 
2sinzcosz = sin(2x) for x = 20°. 


Example 2.10. Prove that 


E E LU LUN 1 
2 11 DD isme 
22 
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Solution. Using the formula 
2sinz cos z = sin(2z), 


we can write the right-hand side 


hence multiplying everything by 2sin a we are reduced to proving the equiv- 
alent equality 


T idis T 2T 49 4m 
ini sin 41 cos 1i sin 7 cos 7 = C08 55. 


On the other hand, we have 


2sin — — cos — 2m — sin EL — gin "m 
11 11 11 11 
and 
Dant ail = du — ae" 
11 11 11 11’ 
thus 


sin T 2sin ie sin Z cos = 
11 11 11 11 


— sin + sin — si — sin T + sin 2T sin 2n — gin 
7 11 11 11 hosp 
All in all, it suffices to prove the equality 


sin Pee = cos — T 
11 22 


which follows from 
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Example 2.11. Prove that for all z € R 
1 
sin x sin(60° — x) sin(60° + z) = 2 sin3x 
and 


1 
cos z cos(60? — x) cos(60° + x) = 1995 35. 


Solution. Since 


1 
2sin(60? — x) sin(60° + x) = cos 2x — cos(120°) = cos 2x + 2 


it suffices to prove that 
1 
2sin x c 2x + >) = sin 3z, 


which is equivalent to 
sin 3x — sin x = 2 sin gz cos 2x, 


another consequence of the standard identity 


nid CE 
CRM 


For the second identity we present a slightly different approach. By the usual 
formulae for the cosine of the sum and the difference we have 


: x . a 
sina — sinb = 2sin 


cos(60° — x) cos(60° + x) = cos? 60° cos? x — sin? 60° sin? x 


2 


= d cos x — 3sin? 2). 


4 
On the other hand, 


cos 3z = cos(2x + x) = cos 2z cos x — sin 2r sin x 


? x) — 2sin? z cos z 


= (cos? x — sin 
= cos z(cos? x — 3sin? x), 


therefore, 


1 1 
cos x cos(60? — x) cos(60° + x) = 1998 z(cos? z — 3sin? z) = 1998 3z. 
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Example 2.12. Compute 
sin 10° sin 50° sin 70°. 
Solution. We have 


sin 10° sin 50° sin 70° = cos 80° cos 40° cos 20° 


1 
= sin 20° cos 20° cos 40° cos 80° 


sin 20° 
= — sin 40? cos 40? cos 80? 
TOU sin 80? cos 80? 
= alm sin 160° = 5 


Of course, this is just an application of the first part of the previous example, 
for x = 10°. Apply the second part to the same z = 10° and try to find a 
different solution. 


Example 2.13. Prove that 
o o o o 1 
cos 6° cos 42° cos 66° cos 78° = 16 


Solution. By the second identity from the previous exercise (applied for 
x = 6? and x = 18? respectively) we have 


cos 6° cos 54° cos 66° = z cos 18° 


and i 
cos 18° cos 42° cos 78° = 1 cos 54°. 


Clearly it suffices now to multiply side by side the two above equalities (and 
then simplify by cancelling cos 18° cos 54° # 0) in order to get the desired 
result. 
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Example 2.14. Prove that 


1 
256/2 


sin 5° sin 15° sin 25° ... sin 85° = 


Solution. We have 


sin 5° sin 15? sin 25? - - - sin 85° = (sin 5° sin 85?) (sin 15? sin 75?) - - - sin 45? 
= (sin 5° cos 5°) (sin 15° cos 15?) (sin 25? cos 25?) (sin 35? cos 35°) sin 45? 


= ! sin 10? sin 30? sin 50? sin 70? 


16/2 


m sin 10? sin 50? sin 70°. 
32/2 
Applying Example 2.14 yields the desired result. 
Example 2.15. Prove that 
S = tan? 10° + tan? 50° + tan? 70° = 9. 
Solution. More generally, we will show that 


S = tan? x + tan?(60? — x) + tan?(60? + z) = 6 + 9 tan? 3z. 


Let tan z = t, then 


/3-t 
tan(60? — x) = 
a zi 14+ 3t 
and 
t 
tan(60° + x) = v3+ 


1- v3t 
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Consequently 


2 2 
$2du V/3-t r: V3 +t \  6-45t?- 919 

1+ V3t 1— V3t (1 — 302)? 
6(1 — 6t? + 9¢4) + 81t? — 54t^ + 91$ 


(1 — 322)? 
4, 810 — 54t* + 91$ re 9t? — 6t* + t$ 
(1-32)? (1 — 302)? 
_ 43)2 
= 649. E Las = 6+ 9tan? ae 


For z = 10? we get 


1 
S — 6 c 9tan^30* — 69. 7 — 9, 


as desired. 
Example 2.16. Prove that 
tan 50° + tan 60° + tan 70° = tan 80°. 


Solution. First verify that, for a+ b 4- c = 180? (that is, for example, for the 
measures of the angles of a triangle), we have 


tana + tanb + tanc = tanatanbtanc 
(start with tanc = — tan(a + b)). In our case, 


tan 50? + tan 60° + tan 70? = tan 50? tan 60? tan 70? 
= tan 60? tan(60° — 10°) tan(60° + 10°) 
V3 — tan 10° V3 + tan 10° 


14 V3tanl0* 1—/3tan10° 
1 1 3tan 10? — tan? 10° 


~ tan30° tanl0? ^ 1-— 3tan? 10° 
= cot 10? = tan 80°. 


= tan 60° . 


= tan 10° 
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We used again the formula for the tangent of the triple of an angle 


lands 3tanz —tan?z 
^ 1-3tamjz ’ 


for z = 10°. 
Example 2.17. Prove that 
sin 25? sin 35? sin 60? sin 85° = sin 20? sin 40° sin 75? sin 80°. 
Solution. Using Example 2.12, we obtain 
1 
sin 25° sin 35? sin 85° = sin 25° sin(60? — 25?) sin(60° + 25°) = 1 sin 75°. 
Similarly, we have 
. Oo: [ o 1 x o 
sin 20" sin 40° sin 80° = 1 sin 60°. 
1 

It follows that both products are equal to i sin 60° sin 75°, in particular they 
are equal. 


Example 2.18. Show that 


CERT MERO OO ee ON nae 
EE. 7 ToS 


Solution. We have (by transforming the products into sums) 


jou ont not pou eus ac cuir 
T= 7 7 7 7 qo wd 


because 
4m 


musice qn = sin — 
T rp a m 


The result follows after dividing by sin 7, which is nonzero. 
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Example 2.19. Prove that 


2T 3m 
et t t= =5. 
co 7 + co 7 + co 7 
Solution. Using 
aol 
cot 2a = eli atts => cot? a = 2cotacot2a+1 
2cota 
and 
cot(r — a) = —cota, 
we get 
cot? Ta jus N +1 
7T 7 7 
2 2n 3 
cot? E — —2cot — 7 cot E +1 
37 37 T 
t? — = —2cot — cot = +1. 
co 7 co 7 co 7 + 
Summing those up, we get 
27 3 2 3 2 
cot? Z 7 +cot? oot? —- = 342 (cot cot E — cot E c S + cot 2) ) . 
Then, using 
cota + cot B = anata) 
sinasin B 
the sum becomes 
sin n 
2T 3v 2T 3 7 
cot? = 7 toot? 7T + cot? — 7 =3+2 cot 7 cot 7 = cT. —— 
sin — sin — 
7 
cos ud cos d cos 2m 
T T 7 
=34+2 mm 
sin — sin — 
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2 2 

cos = cos — cos ( Z + = macellum 
7 7 7 

ee ee t es 


E 7 TCR 
NE xu lin dm 
7 7 4 7 
Note that this equality can be seen as an instance of the general formula 
(^ + ) 
n 
Scot? kr 3 = n(2n — 1) 
2n 1 e + ) 3 
k=1 i 


(for n = 3 we get our result). This general formula holds because as we will 
see in Example 3.5 in the next chapter 


2 27 9 NT 


T 
t? ts 
ONSE O anser aces 


are the roots of the equation 
2n 1 
> r n—r . 
ey b. + E = 


(and we can therefore evaluate their sum by Vieta’s formulae). Thus, in our 


particular case, 
237 


T 2T 
b —, cot? — 
co T co 7 


co 
7? 


are the roots of the equation 
S 1) (s ) z?" = Ta? — 852? + 21x -1 =0 
< 2r+1 

which proves once again that their sum is 5. 


Example 2.20. Show that 


T 2T 3v 
UAE ETE = V7. 
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Solution. We have 


7tant — 35tan? t + 21 tan? t — tan" t 


ingles bri ee MEE ARE 
an 1— 21tan?t + 35tan^ t — 7 tan?t 


(why? again, see the next chapter for a clever way of proving this), which 
yields (by replacing t with 7/7, 27/7, 37/7, respectively, and by using the fact 
that the tangents of these numbers are not zero) 

7 — 352 + 21r? — z? 20 & 2° — 213? + 352 - 7 =0 


T 2T 3T 
for x € 4 tan? —, tan? —, tan? — 
{ 7 7 7 


As the numbers from this set are mutually distinct, they must be all the solu- 
tions of the above equation, therefore their product is 7 (by Vieta’s relations): 


2 
tan? s tan? + tan? T zu 


Since all the tangents involved are positive, the conclusion follows. 


Example 2.21. Show that 


2 
4sin $ ~tan 2 = yr. 


Solution. Again, by 


Ttant — 35tan?¢+ 21 tan? t — tan" t 


tan Tt = ———— 
€ ] — 21tan?t + 35 tan* t — 7 tan6 t 


we find that the six roots of the equation 
zê — 21zf +352? -7 =0 


are t tanm/7, +tan2r/7, +tan 37/7. 
Now, since 


zÊ —21z* + 352? — 7 = (a? — Tz? — 7(2? + 1) 
= (2° + Ta? - 72 + VT) (s? — VTa? — Ta - v7), 
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we have that 5 
— tan — 
u an 7 
is a root either of 
P(z) = 23 + 7a? — Tz + V7, 
or of 
Q(z) = 23 — V 72? — 72 — V7. 


Because 


P(0)P(1) = v? (2v — 6) « 0, 
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P has a root in the interval (0,1), and that can only be tan 7/7 (from the 
numbers +tan7/7, ttan27/7, ttan37/7 this is the only one between 0 


and 1). Thus we have 
u? + Tu? — 7u+ V7 =0 


which can be read as 


meaning that 


2 
4sin  — tan — T 


if we use 
2tana 


sin 2a = —————. 
1+ tan? a 


Example 2.22. Show that 


Jmm af ee ee ee 
cos -y + cos - + cos <= 5 (5 347). 


Solution. This is a famous identity of Ramanujan. We have 


ae Eaa Rose Ed NL = Coa = —— 
7 7 a3 7 7 7T 2 
as we showed in Example 2.20. Then 
mc 


cos zu cos n + cos a cos sd + cos E cos 
T 7 7 T T T 
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zd ORLANDO ML CLE 
79 7 7 7 7 7 7 
ER AE gu ene pee ro m 
uS 7 7 7 7 7 7 
= di Areas t gO s or 
E 7 7 7 2 
and 
. 167 
ses oe RE 
7 7 7 E" 2m 8 
22272 


Thus, letting 


a= (2c =, b= (2057, and c= (2077 


we have for a, b?, and c? the equations 

a? +b + 2 —1, aD? + Bc? + eea? = —2, a9 = 1 > abe = 1. 
Let z =a +b +c and y = ab + bc + ca. Then 

a? +0 + c? — 3abc = (a +b + c)(a? -- ? + c? — ab — bc — ca) 
=> g(x? — 3y) = —4. 

In a similar way (with ab, bc, ca instead), 

—5 = (ab + bc + ca)((ab + bc + ca)? — 3abc(a + b + c)) = y(y? — 32). 
To solve the system for x, use the first equation to get 


| 25 +4 
am 3x 


and substitute. We get 


(x3 + A) ((z? + 4)? — 272?) 


zx 2723 
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0 = 13523 + (z? + 4) (a8 — 192? + 16) 
= a? — 152° + 75a + 64 = (a? — 5)? + 189 
=> (5 — z?)3 = 7-33 > z = 5-307 
as desired. 


Example 2.23. Prove that 


bates d eo Duc 
13 13 13 - 2 2 i 
Solution. After squaring both sides (which are positive) and after transform- 
ing products into sums we need to prove that 


cos TE + cos SE + oos Fy — 2 (cos g Hoos Ty 00 IJ 
= Qn 6r 8r 
COS Tg t COS 13 7 8 73 = x 
and 
CO! a= ST oue ium T E 
S T3 13 13 


Then we compute that 
z+y= and zy = —— 


Indeed, the first of these is a special case of the next problem, since we have 


6 sin cos P 
2kr 1 13 
z+y=)_ cos 3" 13 T 13 
k=1 sin 13 
sin — cos ul sin lor 
z 13 43 . 1 > 13 1 
= = n = 
sin — sin — 
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The second follows by expanding and repeatedly using the formula 
2 cosa cosb = cos(a + b) + cos(a — b). We get 


2ry = C 9r T et d PE LUE MN LUN eer SU 
TS 13 13 13 13 T3 
+ cos Eom + cos 2m + cos Hem -F cos zd + cos — E + cos — on 
13 13 13 13 13 13 
+ cos T da i d quei uut puis id 
13 13 13 13 13 13 
=3 ie pape al eae et ieee Xo ees d 
= 13 13 13 13 13 13 
(where we also used cos(27 — a) = cosa), hence 
ry = 3 (a ty)- ES 
y EE 2 y ES 4 
Thus (as z is positive and y is negative), 
Vig V13 +1 
r= and y = — : 
4 4 
Consequently, 
i BF ieee + co S —2 ONUS peos ind p 
IS gB 34 13 13 d3 
JI3-1 413-1 143/13 
SEX X MR WEST 


Example 2.24. Evaluate 
n 
y cos ka. 
k=1 


Solution. Assuming that x Z 2mm, m an integer, we multiply by 2sin 2/2. 
From the product-to-sum formula we get 


n 


n 
. T : 1 ' 1 
QU P (sin (e^ ;)s- sm («-5) 2) 


k=1 


1 1 
= sin (n+ 5) s — sin = 2sin Z cos EDT, 
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Therefore we get 


1 
n cin (n+ 5) 2 1 sin ogg enne 
Y > cos kar = —~—,;4— -i= ——— 
k=1 2 sin = 2 sin = 
5 2 2 


Clearly, when x = 2mm, m is an integer, the answer is n. 


Example 2.25. Prove that, for all real numbers x 4 2mm (with integer m), 
we have 


(n 4- 1)r 


ORI. 
sin — sin 
2 


sing +sin2z+sin3x+---+sinnz = T 
sin — 

2 
Solution. As in the previous problem, we multiply the sum with 2sinz/2, 


and use formulae for transforming products into sums and vice-versa: 


n n n 
. T ; Pe ae 1 1 
2sin 5 X sinks = 9 2sin 5 sin ke = 5 c (i — z) £ — cos (i + 5) 2) 
k=1 k=1 k=1 
2 1 1 
= cos = — cos Ont De = 2sin Bas EDE, 
and this is what we had to prove. Of course, for x = 2mm the sum is 0. Note 
that mathematical induction can be used in such problems, too. 


Also, observe (and prove) that the slightly more general identity 


. nà . ( n-—1 ) 
sin — sin | £x + a 


i ; 2 2 
sing + sin(z 4- a) t- --- -- sin(z + (n — 1)a) = 


sin : 
2 
holds for any real numbers x and a Z 2mm, m € Z. 
Example 2.26. Prove that 
in2 
cos z + cos 3z + cos5z + ---+ cos(2n — 1)z = = =, 
2sinz 


where x Amn, m € Z. 
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Solution. Indeed we have 
n n 
2sin x ` cos(2k — 1)z = 5 (sin 2kz — sin(2k — 2)x) 
k=1 k=1 
= sin 2nz. 


Actually, the more general identity 


Guar) 
sin — cos 
cos z + cos(z + a) +--+ cos(z + (n — 1)a) = ———_~_,—_— 
sin = 
2 
holds for a 4 2mz. Can you prove it by inducting on n, or by multiplying the 
sum with sina/2? 


Example 2.27. Prove that, for x £ mm with integer m, 


1)si —nsi 1 
sin gz + 2sin 2x + 3sin3x+---+nsinnz = (tel seine a ad EA 


x 
Asin? = 
SES 


Solution. We differentiate with respect to z the equation (that we obtained 
earlier) 
in Qn t 1)x 


esso E eE - 


2 = 
sin 7 
and thus get 


2n+1 . x  (2n+1)zs 1. (Qn4+1)x_ zx 
sin — cos ————— — - sin ———— cos = 


n 
— V ksinkr = 2—2 2? 2—2 2 2 2 -— 2 2 
2sin? 7 


_ (2n +1)(sin(n + 1)z — sinnz) — (sin(n + 1)z + sin nz) 


= T 
8sin? = 

sin'5 

. 2nsin(n + 1)z — (2n + 2) sinang 


b} 


T 
8sin? — 
Su g 


Chapter 2. Telescoping Sums and Products in Trigonometry 77 


Telegram.me:@math_books 


and the desired result follows. 
We can also evaluate the sum multiplied by 2 sin z/2: 


n n 
CLE ' E (2k — 1)z (2k + 1)z 
2sin 5 3 ksin kz = 2 k c 2 — cos UNE 


n 


2k —1 2n 1 
-y OR Dess, uu, Qn De 


Now, by the previous example, we have 


n 


(2k—1)r _ sinna 
bx cos 2————— 


k=1 2 ETE 


and the result follows after a few more manipulations with product-to-sum 
formulae (actually only one such formula is needed), and, of course, after 
dividing by 2sinz/2. The method of induction is also available in such an 
exercise: try it! Also, try to prove (with or without mathematical induction) 
that 


1 = 1)z—1 
cosg + 2cos 2g +- ncosnz = (n + 1)cosnz —ncos(n + 1)z —1 


X 
Asin? — 

sin” 5 
holds — again for any real x different from any even multiple of 7. 


Example 2.28. (USAMO, 1992) Prove that 
1 1 1 cos 1? 


Solution. Multiplying the relation by sin 1?, we obtain 
sin 1? sin 1? 2s sin 1? u cos 1° 
cos0°cos1° cos 1° cos 2° cos 88° cos 89° — sin 1°" 
This can be rewritten as 
sin(1? — 0?) | sin(2°—1°)  — , sin(89° — 88°) 


= cot 1°. 
cos 0° cos 1° cos 1° cos 2° cos 88° cos 89° is 
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From the identity 


sin(a — b) 
tana — tan b = —————c, 
cos a. cos b 
it follows that the left side equals 
89 
»» [tan k? — tan(k — 1)?] = tan 89? — tan 0? = cot 1°, 
k=1 


and the identity is proved. 


Example 2.29. (IMO Longlist a) Prove that for every natural number n, 


and for every real number x # T ,l=0,1,...,n, k any integer 


1 1 


ee = cot x — cot 2”z. 
sin2x  sin4x 2: sin 2°x 


Solution. By the double angle formula for cosine, 
cos 2*3 = 2 cos? 2F-1y — 1. 


Dividing both sides by sin 2*z = 2sin2*-1zcos2*-!z (which is nonzero for 
the given values of x), 


1 
cot 2*3 = cot 25-14 — En ^ ET — cot 2k-1; — cot 2a. 
sin 2*z sin 2*z 
Hence, 
n n 

k—1 k n 

5 ; = Y (cot 2 x — cot 2"z) = cot x — cot 2"z, 

m isi "reri 


and the conclusion follows. 


Example 2.30. (USAMO 1996) Prove that the average of the numbers 
nsinn?, n = 2,4,6,...,180 is cot 1?. 
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Solution. Instead of showing that 


2sin 2? + Asin 4? + 6sin 6? + ---+180sin 180° — 
90 "i 


we will prove the equivalent form 


cot 1°, 


2 sin 1? sin 2? --Asin 1? sin 4? 4-6 sin 1? sin 6? +- - -+180 sin 1? sin 180? = 90 cos 1°. 


By the product-to-sum formulas, the expression simplifies to 


90 90 
5 2n sin 1° sin 2n° = 5 n[cos(2n — 1)? — cos(2n + 1)°] 
n=1 n=1 
90 
= —90 cos 181° + 5 cos(2n — 1)? 
n=1 
90 
= 90cos 1° + > cos(2n — 1)°. 
n=1 


It now suffices to show that 
90 
Y > cos(2n —1)°=0. 
n=1 

Using the identity cos n? = — cos(180 — n)^, 


90 
bD cos(2n — 1)? = cos 1? +cos 3? +- ---- cos 89? +cos 91? +- - -+cos 177° -- 179? 
n=1 


— cos 1°+cos 3°+---+cos 89? — (cos 89° +- - -+cos 3° +cos 1?) 
=0. 


Example 2.31. Evaluate the product 


n 
Da 
2 
l| (1- tan xj 


k=1 
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Solution. Since 


cos 20 
1 — tan? 0 = 
m cos? 0’ 
we can rewrite the product as 
okt yz 
n cos 
9k 
II 1-tan?——— | = I] 2^ vl 
2^ 1 25g 
2n F1 
which is equal to 
cos al cos em cos Hon cos m 
2^ +1 2^ +1 2^ +1 2^ +1 
cos2 cos? a cos? cos? S 
2" +1 2^ 4-1 2^" -1 2^ +1 
We can cross cancel some of the factors from the numerator to get 
9ntl T 
cos mpi 
cos? zm cos ah cos a cos at 
2n 4 201 2^41 2^ 4-1 
_ 1 
7 cos zm cos an cos oi cos 2m 
2^ 4-1 2^ -1 2n F1 2^ F1 
because 
9nti T 9ntl4 on 
TETI = cos (2s - aa) DOS T 


Since the double angle formula for the sine gives the general formula 


cd sin2r  sin4zr sin 2"^z sin 2^z 
cos x cos2x---cos2” "y = — "EL CU ELI tele 
2sinz 2sin2z 2sin2"-!x  2"sinrz 


the product telescopes to 


2 
2” sin ed 1 2" iF 

PEN — 9n 
ey ci Seeman Okie 
sin sin 


2^ F1 2^1 
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Example 2.32. (IMO Longlist 1967) Prove the identity 


n 
n L\ 2k gk 2n T " 
S) (tan =) 1 + ——— ~ | = sec g t Sec £ 


PAN 
k=0 1 — tan? =| 
( Mai 
for any natural number n and any angle z. 


Solution. This problem relies on binomial coefficients and the binomial the- 
orem, the reader unfamiliar with these should consult the Introduction, or the 
chapter Combinatorial Identities and Generating Functions. For the solution, 
denote 

A — tan? 2 


Then 


z z 
A+1=tan? = +1=sec? = 
+ an z t sec 2 


and by the half-angle formula 


HH 
1-- tan? - 
iat ttan“ s 


E —— € = seca. 
1—A4 4_tan22 cosg 
2 


Ee» ro J 
-EQ 3 s 
Enc) -EQ EO m 
EQ EG (Ea) em (Any 
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1 + A ý An HH 
= n = = 2 n— 2n n 
=(A+1)"+ G ) (sec 3 + (sec x)” = sec 5 + sec” x, 


and the problem is solved. 
Example 2.33. Suppose x z nm. Let 


40 4l 4? 4n 
Ge eae eS ND ee MOTA ee 
"cos? x n cos? 2x i cos? Aq jor cos? 2^ 
(a) Prove that 
i 4 1 


cos?r  sin?2gz sin? x 


(b) Prove that 
4n 1 
E MERE, UNS UIN a 
sin^2"tly  sin^z 
Solution. (a) We have, indeed, 


4 1 1 1 1 — cos? x 1 
sin? 2z  sin?r sin*xcos?z  sin?xz  sin?zcos?z cos? g 


(b) According to the first part, we have 
n Ak n 4k+1 4k qnti 1 
2 cos? 2kg - 2 ss 2kHg sin? x) — sin2?*lg gin? x 
Example 2.34. Prove that 


Il In tan 7 -X In ten 5 


89 


45 
Solution. Notice that I In tan = 180 7. has the term In tan 1 ian = 0, so 


[Pion g 180 ^ 
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As for the sum, we have 


Eas NT 45r 
=j iim 
(Ho I II tan m) 
44 
u nT (90 — n)r 45m 
— n (i (van I tan 180 a tan | 
44 
nt NT 457 
— ln (II (tan 7 - cot =) -tan s] 


Example 2.35. Find in closed form 
3x x 3x , xr . 82 
S= sinzsindz + sin Z sin 7 2 + sin = 28 sin 27 +--+ Sin paar E nT 
Solution. We have 
2S = 2 sin z sin 3z + 2sin an ep ein ee n2; oe -- + 2sin —— sin aE 
E 2 2 22 L gn-1 ° gn-1 


z z zr 
= cos 2x — cos 4a + cosx — cos 2x + cos z pce — 0085 


+--+ cos c 


x z 
2n—2 =OS 2n—3? 
hence, after cancellations, 
1 
S= 7 (- cos 4z + cos TE ;j 
Example 2.36. Find in closed form 


S = cos = + 2cos 5c 0575 +++ 277 cos Z cos zg +++ cos =. 
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Solution. As we have seen before, there is a standard evaluation of the 
product that represents the general term of the sum, by using the formula for 
the sine of the double angle. Namely we have 


Using the formula for the difference of cotangents, that is, 


sin(b — a) 


cota — cot b = — —, 
sinasin b 


we can write 


x 
aN? ee IE ERES TRE ELT 
sin 5k sin 2k sin DISSI 
Thus, 
m n 
220 s I$ co zsinz (cot kr cot x) 
k=1 
_ 1 x 
= ;j SH (cot anti cot =) 
Example 2.37. Prove that 
Lin = +o ta T: cba tan = 5 cot = — cola, 
2057 2 2 n gn gn m 


for x x km, with k € Z. 


Solution. By using the formula (which we invite the reader to prove) 
tana — cota — 2cot2a 
the sum telescopes yielding the desired result: 


n n 
1 L 1 z 1 x 1 
J jk 8n og = ) 9k CO ok — 3k-1 COI 1 = on = cot == — cota. 
k=1 k=1 
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Example 2.38. Prove that 


tan(n + 1)x 


n 
k 1z2-— 1 
Y ton ztan(k--1)z (n 4-1) Pur 


k=1 
holds for any real number x # mmn /2, with integer m. 


Solution. We have 


tan(k + 1)r — tan kx 
tanz = tan((k + 1)z — kz) = anon 


implying 


tan kz tan(k + 1)y = —1 + (tan(k + 1)z — tan kz). 


tan x 


Consequently, 


n n 
1 
tan kxtan(k-F1)r = -1 tan(k + 1)z — 
2 an kztan(k + 1)xr x dom an(k + 1)z tan ke)) 


= -n + 


t l)x—t 
fang tam” + )r — tan x) 


tan xz 


, 


as we intended to obtain. 
Example 2.39. Prove that 


TELE cos(2x) cos(nz) _ sin(n+ l)r 
cosi; | cos?z cos"y sin gcos” gr 


for any real number z #4 mr/2, m € Z. 


Solution. Careful examination of the given result strongly suggests the tele- 
scoping formula 


coskz  sin(k+1)z sin kz 
coshr  sinzcoskxz  sinzcos*-iz 
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for k = 0,1,2,.... Indeed 
sin(k+1)z sinks — — sin(kc1)r — sinkzcosz 


sinrzcos*z  sinxzcos*-ly sin z cos? x 
sinzcoskz | coskz 


sinzcos*xz  cos*z 


Now the evaluation of the sum is clear: 


3 coskz < (zm +1)z sin kz 
ky > in kz şi k-1 
£— coste c \singscosts  sinzcost lg 


_ sin(n + 1)z 
^ sinacos? x’ 
finishing the solution. 


Example 2.40. Let n be an be an integer with n > 2. Prove that 


- T 3* 
Į [tan E (i s s-|- I; (1- = 
k=1 
Solution. Let 
3*-1g 
= tan —_—. 
aj = tan zT 
It is easy to see that, for all n > 1 and for all k € N, aj is defined and different 
from any of the numbers +V/3 and 41/4/3. 
Our equation can be written in the following equivalent forms 


V3 + ak 14+ V3a;, 
It ID 


TL 
3— a2 
c — 
Laa 
; E= 
x uk 1— 3a; 
n ak 
+1 
e =1 
"un 
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The last one is trivially true since 


Pell aie os a 
Bead uc 


Note that we used again the formula for the tangent of the triple angle, when 
3ak — a; 
we replaced ———* 


by ak+1- 
1- 3a? 


Example 2.41. Prove that 


n 
kr 1 
=f k-1 = —, 
» OS pea 


Solution. Remember the formula 


. na ( (n — 2) 
n sin E cos | x + 3 
Y cos(x + (k — 1)a) = a 
k=1 sin 2 


After using (—1)/ cost = cos(t + jm) for every term of the sum, we can apply 
this formula here with 
T _ .2(n - 1)r 


a Ke 
oo. 70 oT 


We will have 


= kr u kr 
Sy = k—1 
YUP eos ey = ee (gag tE) 


E n(n + 1)r i nen 
0 Anl 5 2n41 
(nd) 
sin 2— —— 
2n 1 
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" n(2n + 1) setae col nm 
E 2n 1 2n 1 2n t1 1 
(n l)e . (n l1) 
2 
P Ds ien ont 1 


nm (n+1)r | 
2n-1 2R+1 — 
Example 2.42. Prove that for all n > 1 


Td Nie d 
2n 4-1 Qn 


because sin nz — 0 and 


1 r5 m. ou , 
Solution. Since sin PEE is nonzero for 1 € k € n, it suffices to prove that 


= kr ii kr = kr 
2^ ITsi - 
Haga ll UE n+l 


Using the formula sin 2x = 2sin x cos z, the left-hand side actually is 


de kr q- is kr 2T 
25 i = 2si 
[] sin zn [I cos I (2sin E a) 
= Il sin EK 
mim 2n+1 


hence it suffices to establish the identity 


di 2k 
Iz ez 


Since sin(z — x) = sin z, we can write 


É kr kr kr 
Deza IT $5451 ll sin (7-551) 


Td 1<k<n, 2|k+1 


k 2 l-k 
s JT ae qq ee ee 
2n +1 2n +1 
1<k<n, 2|k 1<k<n, 2|k+1 
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When k runs over all odd numbers between 1 and n, the number 2n + 1 — k 
runs over all even numbers between n + 1 and 2n and the result follows. 


Example 2.43. Evaluate 
» oki cos 2%- 
sin? 25-15 T. 
Solution. We have 
t 
2cos? = — 1 1 1 


cost — 2 


an | .t >t i as 
sin^t Asin? 5 cos? 5 2 sin? 5 sin^t 


therefore 
> 9k cos 2*- => ( NR io ) 
sin? 2k-1g - = sin? 2k-27  sin?2*-1lg 
1 gn-1 

— 95m? sin? 27-1¢" 

2 
Example 2.44. Prove that for real numbers a and b, with sinb # 0, we have 

Y ——À ——— P tad + nb) — tana). 

mar cos(a + (k — 1)b) cos(a + kb) nb 


Solution. We have 
1 _ 1  sin((a- kb) — (a + (k — 1)b)) 
cos(a + (k — 1)b) cos(a + kb) sinb cos(a + (k — 1)b) cos(a + kb) 


= NN (tan(a + kb) — tan(a + (k — 1)b)), 


sinb 
hence 
n 1 T 
cos(a + (k — 1)b) cos(a + kb) = —1)b 
3 cos(a + (k — 1)b) cos(a + kb) =D (tan(a + kb) — tan(a + (k — 1)b)) 


o. 
=. 


nb —— (tan(a + nb) — tan a). 
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Example 2.45. (Baltic Way 2014) Show that 


cos(56°) - cos(2 - 56°) - cos(2? - 56°) -... - cos(273 . 56°) = 3 


Solution. Of course, 


23 1 
: k 24, 
sin x I] cos 2°¢ = 524 sin 2 
k=0 


For x = 56, we have 
274.56 2 56 (mod 360), 


since it is equivalent to 
7(274 —1) =0 (mod 45), 


and this follows either from Euler’s theorem (using ¢(45) = 24) or from direct 
computation that 5|2^ — 1 and 9|26 — 1. Thus sin 2742 = sin z and we're done. 


Example 2.46. Compute, for a given real number z, 


» sin Sy p sini E 


Solution. Using the formula 
2sinasinb = cos(a — b) — cos(a + b), 


we obtain 
cod. 2m " 1 x zr 
sm yi SN gg = 2 (cos = ru) > 


We obtain therefore a telescopic sum, with value 


1 
» sin 5 penu = (cos = 3n cos £j 
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Example 2.47. Evaluate 


= 1 
arctan —————_ 
2 3 
"uen k?+k+1 


where arctan stands for the arctangent function. 
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Solution. In the solution we will use the subtraction formula for the tangent 


tana — tanb 


t — b) = —————_. 
an 1+tanatanb’ 
which gives the formula for the arctangent 


u— v 
lcu 


arctan u — arctan v — arctan 


For simplicity, set a; — arctan k. Then 


wia em tan ak+ı — tan ak 
ME MEET + tan ag44 tan ak 


| k+1-k | 1 
~ 1+k(k+1) k?+k+l1. 


Hence the sum we evaluate is equal to 


2 arctan(tan(ay41 — ay)) = X (ani — ak) 


k=0 k=0 
= Qn41 — 40 
= arctan(n + 1). 


Example 2.48. Prove that 


n 
1 
5 arccot (2k?) = arccot (1 + 9 ; 


k=1 
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1 
Solution. Because arccot x = arctan G) we get 


A n 1 (2k + 1) — (2k — 1) 
dT ES Aer 1)— (ek = i1) 
2: arccot (2k^) — 2 arctan (sz) = 3 arç otan f 1+ (2k — 1)(2k + 1) 


n 
= Y (arctan(2k +1) — arctan(2k — 1)) 
k-1 
= arctan(2n + 1) — arctan(1) 
2n -1—-1 


= arctan ———————— 
pee ne et 


n+ 
= arccot 


= arctan 2 
2 2n 4-2 
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Chapter 3 


Complex Numbers and 
de Moivre's Formula 


Every complex number z can be written in the from 
z = x + iy = |z|(cos u + isin u), 


where |z| = yx? + y? is the modulus of z. The most famous formulas that 
help us in dealing with complex numbers are 


e Euler’s formula: 
e7 = cosg + isin z. 


e de Moivre’s formula: 
cos nz + isinnz = (cosg + isin z)”. 


Using de Moivre’s Theorem, we can develop an understanding of roots of 
complex numbers, starting with roots of unity. 
To say that z = |z|(cosz + isin z) is an n*^ root of unity means that 2” = 1, 
and this requires 

|z|? (cos nz + sin nz) = 1. 
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To satisfy the requirement, we need |z| = 1 and cosnz = 1. The latter is 
satisfied if and only if z = 2km/n, where k is an integer. It follows that every 
nt? root of unity is of the form e^, where 


2m ... 2T zim 
€ = cos — t?281n — =en. 
n n 
Let us look at some examples. 


Example 3.1. /fr and t are real numbers, and —1 < r < 1, show that: 


oo 
l—rcost 
k kt = ———————. 
ES Ms 1 — 2r cost + r2 
= rsint 
b k sin kt = ———————— —.. 
(>) dur pu 1 — 2r cost + r2 


k=0 


Solution. We first prove that, for any positive integer n, 


n—1 
1 — rcost — r” cosnt + r'**! cos(n — 1)t 
d 2j E 1 — 2r cost + r? 


and í 
n= . $ . 
r sint — r" sin nt + r"*1 sin(n — 1)t 
B, = koinpe = caca a c LP 
" 2d m 1 —2rcost +r? 


Indeed, with z = r(cost + isint), we have 


n-1 n-1 
An +iBn = X r* (cos kt + isin kt) = a 
k=0 k=0 


1-2”  1—r'"cosmnt - ir"sinnt 


1-2  1-rcost—irsint 
(1 — r” cos nt — ir” sin nt)(1 — r cost + ir sint) 
(1 — r cost — ir sint)(1 — rcost + ir sint) 


_ 1-rcost — r” cosnt 4- r^*! cos(n — 1)t + i(rsint — r” sinnt + r**! sin(n — 1)t) 
, 1 — 2r cost + r? 
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and the conclusion follows by equating the real and imaginary parts from the 
left and from the right. Because |r| « 1, we have 


lim r"cosnt = lim r"sinnt = lim r"*! cos(n — 1)t 
n-—00 T"—o00 noo 
— lim r^*! sin(n — 1)t — 0; 
n— oo 
consequently, 
l—rcost 


oo 
E s cos kt — lim A, = 
"oo 


= 2 
= 1—2rcost+r 


and, similarly 


r sint 


oo 
k sinkt = lim B, = —————— —Á;. 
p» AM sog 1 — 2r cost + r? 


k=0 
Example 3.2. Prove the trigonometric identity 


e S x Y (5) MC 


k=0 


Solution. From the de Moivre’s Formula we have 


ic —iy Nn 1 n 
cos" qz = (=) = 25 > A) ad m Ced 


k=0 
= i 5 & en-2k)z 
2M 
1l «n 
E 2. (5) cos((n — 2k)z) 
=0 


To justify the last step note that we started with a real number, so the imag- 
inary parts must cancel out and only the real part of each term contributes. 
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Example 3.3. Let n be an odd positive integer and let z be a complex number 
such that 


Evaluate 


Solution. Let 


n—1 1 
= 2 zu 
Repeatedly applying the identity 


1 1 1\? 1 
(a = +1) (a+ 1-1) = (a1) -l=@+— 441, 
a a a a 
we have that 
1 1 1 n- 1 
(e ie1) Zn = (7+ 541) (?+5-1)--(2 + grt) 
A z z z 
n 1 
= (2 ob 1) j 
z 
However, from the given condition we have that 2?" = z. Thus, 


1 
(e ie)m (24241). 
z z 


1 
Now, since the roots of z + — + 1 are primitive 6-th roots of unity, they are 


not (2” — 1)st roots of unity, and hence 
1 
z+ E +140. 


Hence, it follows that Zn = 1. 
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Example 3.4. Prove that for all n € N the following is true: 


n 
kr 
n Y CUL 
2 Iss mai” y 2n +1. 


Solution. First we prove the following: 
n—1l 
k 
I] sin —— =n. 217", 
k=1 2 


ic —iz 


—— the product is then equal to 


w — wT! w2 _ w2 we — w73 qn — q^ Q-1) 
( 2i JT 2i Y( 2i )- 2i 


=(1— wo?) Z2 w7*) EE u$ seis w72- onm eint 


ito oq. : 
Let w = e^. Since sin z = 


Since w"/? = i, it remains to show that 
(1971-9 5) 9 9) (1-97 29-D) =n, 
Consider the polynomial given by 
P(x) = (x — w7?) (£ —w-*)(z —w-9)--- (x — w7? D), 


We know its roots are all complex n-th roots of unity except 1, so we must 
have 
z^ -—1 2 n-1 
P(g) = zc = Lies spaces 
Putting z = 1 completes the proof of the product formula. 
Now we may proceed with the problem: We may write the product formula 


we just proved as 


Z 7 = Qna 1277. 
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Using sin(7 — x) = sin z on each term in the second factor on the left, gives 


[[s3 Z2— | = n 1277. 
(Ti sin 7 z) ( ) 


Solving for the product gives 


n 

k 
[[ sin d -=2"Vn+] 
k=1 


2n + 

as required. 
Prove in a similar manner that 

n—1 n—1 

k k 

IE = J] cos At = 

k=1 L k=1 4 
Example 3.5. For each positive integer n prove that 

nt n(2n — 1) 
m t2 s t2 ILL. 
HW pat eed PN UE 3 


Solution. Using de Moivre's Formula we have 
(cos a + isina)” = cos ma + i sin ma. 


Expanding the right hand side we get 


m a as m A NP 
cos ma = cos™ a — (7) eos 2 asin? a + (7) eo teem ges 


` m 2 3 m z A 
sin ma = (1) es l asina — (5) eo 3asin?a- .-- 


Let us replace m by 2n + 1: 


2 1 
cos(2n + 1)a = cos?^*! a — ( oe ) cos?"-1 a sin? a 
2 1 
deest ( mt ) cosasin®™ a 
2n 
2 1 2 1 

sin(2n + 1)a = ( P5 ) cos?" a sina — ( ie ) cos?" a sin? a 

2n+1 
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Hence 
sin(2n + 1)a 2n+1 2 n (2ant1 ES 
pru Pee s x. Leet ai 
mU ( i ) (oot a) 3 (cot^ a) + 
The equation 
sin(2n+1)a _ 0 


sin?” hg 
viewed as a polynomial equation in z = cot? a has solutions 


kr (2n -- 1— k)r 
= 2 = 2 
Tk = cot 2 = cot 2 1 a 


because oj = are the solutions to the equation sin(2n 4- 1)a — 0. 


Using the relation between the solutions and the coefficients, we obtain 
2n 1 
Noct E 
2n -1Y. 
1 


£1 +T +: H En = 


Thus 
2n n(2n — 1) 
t2 2 due t? = 
"aL On ne a. 
and we are done. 
Example 3.6. Prove that 
1 1 1 
GO CE Ed 
4n +2 4n +2 a 


for every positive integer n. 


Solution. Let 


2n+1 2n - 1 
P(zye (rpm y ( n eres 
k=0 
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For real z, the real part of P(z) is: 
P. (2n 4-1 ae 
Re(P()) = Do (Fe py CDA = 20004) 


where 


ate) = Soya (3 Dla 


k=0 
Now, for p € (0,1,...,n — 1: 


pi \_ Oppo. NPH 
P (cot in) = (cot ee) 


c Ber T J-isin p ) 
n n 


1 xs 
cos T -isn 


2 1 
sindet Pm 
__ cy, 
= 2 1 

sinit Pon 


2p+1 _ 
Re (r c Ak 57) = 0. 


2p+1 2g 2p+1 _ 
cot 4k 279 c ur) =0 


for all p € (0,1,...,n — 1} and then 


hence we have 


Consequently, 


2p 4-1 
2 
——— = 1,...,n— 1}. 
9 (cot Ptn) 0, Vp € {0,1,...,n— 1} 
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2 1 
This shows that the numbers cot? a 97 with p € (0,1,...,n — 1) are the 


n distinct real roots of 


k=0 
so that their sum is 
E +1 
n—1 S 
= =n(2 1 
247 an +2 a CONES 
2n+1 
and since 
—— = cot? z + 1, 
sin 
we get 
n—1 1 
391 (2n +1) + 2n(n + 1) 
—0 Si 
AD 
as desired. 


Example 3.7. Prove the identity 


E k) Ü " (0) 7 (i) i (a)* ME 2» E cos I 


Solution. Let é0, €1,€2,...,€—1 be the kth roots of unity, that is 
2j 2j 
Ej = cos 3" + isin $7, E ue. 


An important fact about roots of unity is that the sum ej + €35 +--- + ej is 
equal to k if k divides s, and 0 otherwise. Indeed, if k divides s, then each 
term in this sum is 1 and the sum is k. If k does not divide s, then the sum 
is à geometric series and we have 


$(1— ks 
Eil E ee 


ef e$ e tei =ef be +--+ eh ae 
UY 
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We have 
k-1 nf [E Ux] A 
Date)" =D (7) Xoe j =k i 
j=0 sco \°/ \4=0 j=0 M 
Since . | 
l+e;= 2cos 77 c + isin 2r) ; 


it follows from the de Moivre formula that 


jn j nj" 
Eo +e;)” = = Soar tt (cos 2 +isin za) ; 


Matching the real parts we get the desired result. 
Example 3.8. Let n be a positive integer, €0,...,E€n—1 be the nth roots of 
unity, and a, b be complex numbers. Evaluate the product 


n—1 


iG + be?). 


k=0 


Solution. By definition, €9,€1,...,&n—1 are roots of the equation z^ — 1 = 0, 
over the complex numbers. Therefore by the factor theorem we have 


n—1 
[[@-&) =2"-1. (1) 
k=0 

Let z be a solution of the equation z? = ait: 


Then, in an effort to use (1), we write 

n—1 n—i a n—1 

ered- (5-8) e- 
k=0 


k=0 
n-1 n—1 
—b)” J [e - ex) [[G +x) 
k=0 k=0 
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n—1 
malar ) [I«-2 - ex) 
k=0 


= b"(z" — 1)((—z)” — i = b"[(—1)"22" — 2"((—1)" +1) + 1]. 


To simplify the (—1)” terms in the above expression, we consider cases of the 
parity of n. 
If n is even, that is n = 2m for some positive integer m, then we have 


n—-1 


[] (a + be?) = (24 — 227" + 1) = 9 ((-$)” -2 (2) $ 1) 


k=0 
= a? = 207 spy" + pm = (a™ e (—b)™)?. 


If n is odd then 
-1 
Ile + be?) = bP (—2” 4:1) =b" (- (-3)" m 1) =a" +0". 


k=0 
Thus, 
Tea -f (a? - (i) if n is even 
k=0 a” +b” if n is odd. 


Example 3.9. Prove that 


C 6k +1) ) = —30v3. 


Solution. For easier writing, let 
T 
= (12p + 1)— d bp = (12p + T) —— 


Note that tan ap and tan bp when p € {0, 1, 2,3, 4,5, 6, 7, 8, 9, 10, 11, 12, 13, 14} 
are pairwise distinct. 
Let 
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be à polynomial of degree 30. 


We have ~ 
30) (_3)k,28 
Re(P(z)) _ 2. e 9 
Im(P(z) M 
oS ee jJ) (Dio 


k=0 
where Re(w) and Im(w) denote the real part and the imaginary part of the 


complex number w. 
We have 


(cosay -isinay)?  cos30ap+isin30ap  v3+i 


P(t = Lope cs et ct ee 
atta) (cos a, )30 (cos ap)°0 2(cos ap)30 


meaning that 


Re(P(tan ap)) - V8 


Im(P(tan aj)) 1 
that is M 
3 (5, ) CU tana? 
ae = v3. 
EV: 2k+1 
Pu 1)" (tan ap) 
k=0 
Thus 


15/39 14 30 

ET 2k — lE 2k+1 _ 
J (x) 1)"(tan ap) V3 2 A N 1)"(tan ap) 0. 
Now, for bp, we can compute similarly 


(cos bp + isin bp)? ^ cos30b,--isin30b V3 +i 


VM (cos bp)30 i (cos b,)90 ~ 2(cos by) 39” 


therefore Re(P(tan b,)) 
e anbp)) - 
Im(P(tanb,)) . v3, 
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and, again 
15 14 
> 30 EV: 2k — S j 30 2k+1 _ 
men) (a) ae ue» la + y Hn : 


has degree 30 and the numbers tan ap and tan by, p = 0,1,...14 are 30 distinct 
roots of Q(x). So 


14 


14 
Y tan(12p + 1) — 3p * De ton 12p +7) — 


= 180 180 


is the sum of roots of Q and, by Viete’s relations, it is —30\/3. Consequently 


29 
T 


follows, because the numbers ap and bp together are precisely the numbers 
(6k + 1)7/180, k = 0,1,...,29. 


Example 3.10. Find the sum 


Yew 3 180 


Solution. We have 


(cos z + isin z)” = cosnz + isin nz 


=> (1+itanz)” 


= ne (cos nz + isin nz), 
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or 
n n 3 
»» Ji tan* z = (cos nz + isinnz) 
k=0 
for any positive integer n. Replacing here n = 180 and z = —— yields 
n 7 z 
1 —1) 
5 ie i* tan* TM — ——— (cos jv -- isin jm) = EN 
k=0 k x cos” a cos” CA 
180 180 


for j = 1,2,...,89. 
Thus the imaginary part of the sum from the left is 0, that is 


89 . 
180 jn 
—1)? 2p+1 J" _ 
dD) eas :) n Ts 


ms 


jn 
1) p = 
«Xen Ho i ied uan c 


p=0 


since tan tan 750 Æ 0 for 1 < j < 89. Thus we found that the distinct numbers 


tan? : 3 m j =1,2,...,89 are the roots of the 89th degree polynomial 


89 

Y m 180 P 
(—1) a; 

zu 2p 4-1 


therefore their sum is 


180 
Yd jn — 177] 15931 


180 — [180] 3 
179 
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Chapter 4 


The Abel Summation 
Formula 


The next result we want to present is the famous Abel Summation Formula. 
Let a1, @2,...,@n, and b1, bo,..., bn, be two finite sequences of numbers. Then 


310; + agbg +--+ + a4 b, = (a1 — ag)bi + (az — a3)(b1 + b2) + 
+ (an-ı P an) (bı eee bn—1) + an(bı des T bn). 


Example 4.1. For 


1 1 1 
e (pe E pec 
f(t) + 5 + 3 ++ : 
(with positive integer t) prove that 
= 2 n(n + 1) 
J (2k + 1)f(k) = (n+ 1) T vu 


k=1 
Solution. Define f(0) = 0 and g(k) = 2k +1 for 0 € k <n. By the Abel 
summation formula we have 


n —1 


Y Qk0f(k) = Y glk) f(k) = eat) - S UG 0-0) 229. 
k=0 


k=1 k=0 j=0 
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But 
j j 
Ssk) = Y Qka1)- G1) and f+- f) LL. 
k=0 k=0 jt 
SO ” 
X g(k)=(n+1)}? 
k=0 
and 
cs, i : nal ] n(n + 1) 
DFG +1) — £0) D9) = G+) =, 
j-0 k=0 j-0 


and we are done. 


Example 4.2. (Abel's inequality) Let bj > --- > b, be a nonincreasing se- 
quence of nonnegative real numbers and let a1,...,a4 be real numbers. Assume 
that m, M are real numbers such that 


m <a +: +ak < M 
for all 1 € k € n. Prove that 
bım < aibi +--+ anbn < 04M. 


Solution. Let Ay = a1 +--+ ag. By Abel’s summation formula we obtain 
(with the convention bn+1 = 0) 


n 
ayby +--+ anba = X Ak(bs — bk+1). 
k=1 


Since by assumption 6j — bkķk+1 > 0 and m < Ay < M, we obtain 


n n n 
XO m(bp — besa) € M Ag (bk bu) < 3 M (bp — be 41): 
k=l k=l k=l 


Both sums appearing in the extreme terms are telescopic and reduce to mbi, 
respectively M; (we recall that bn+1 = 0). The result follows. 
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Example 4.3. Let à : N* — N* be an injective function. 


Prove that for all n € N* 
n ó(k n 1 
eMart 


Solution. The inequality becomes 


So} (1) 20 


k=1 


If we set A, = He) ) , the the injectivity of ¢ implies A142: Ax > 1 for all k. 
From the AM-GM NOH we obtain 


k 
ye" UMSO. 
i=l 


Applying the Abel summation formula yields 


1 
+ (1 + A2 +++ + An - n). 
Each term of the sum is positive so we are done. 


Example 4.4. Let 21, 2%2,...,2n,Y1,Y2,---,Yn be positive real numbers such 
that: 
(i) ziy1 < 2292 < +++ < aln, 
(ü)zi- zac +k >y tyt Yk lek<n. 
Prove that 
1 1 1 1 1 1 
ae eS eee 
21 T2 Tn uUi ya Un 
Solution. Let 


Sy = (£1 — y1) + (z2 — yo) +--+ +(e — YR) and zk = ——. 
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Then, we have Sẹ > 0 and zy — zy41 > 0, for any k = 1,2,...,n— 1. It follows 
1 1 1 1 1 1 
Xi T2 Tn Yy y Un 


( ~ (= =) (= ~ ) 
={—-—J+(—-—]Jt+ a | St 
21 Ui 32 Y2 Xn Yn 


m = =E 
EE! 01,9 24... 4 yn n 


iyi T1292 YnUn 
= — $121 — ($9 — 91)22 — +++ — (Sn — Sn_-1)2n 
= —S1(21 — 22) — So{ze — 23) — +++ — Sn 1(2n-1 — Zn) — Sn2n < 0, 


with equality if and only if Sẹ = 0, k = 1,2,...,n, that is, zy = Yk, 
k212,.5n. 
Example 4.5. Let zy > £2 > +--+: > Tn > 0 and yi, ya,..., ys > 0 be two 
sequences of positive numbers such that 

V1y2::: yk = 2122: zy for alll ES k € m. 
Prove that 


yicty»i cct ya 2 Xi Hrt: En. 
Solution. Combining the hypothesis and the AM-GM inequality, we obtain 
uv Vk o Lu M92 Yk 


+++ adk 
21 x2 Tk T1T2''' Tk 


>k. 


On the other hand, Abel’s summation formula yields (we let £n+1 = 0) 


n n 


k 1 2 k 
rette kel X1 T2 Tk 


By assumption zy — zy441 > 0 for 1 < k € n, which combined with the previous 
observation yields 


n 
yı Y2 Uk 
ya d ya = Y n — tay) (44+ 92 uus BR 
y ys Un 2. k+1) (à m ue) 


n 
> X h(a — Ek41) = 21 H22 +H En 
k=1 
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and finishes the proof (for the last equality Abel's summation formula was 
used once more). 


Example 4.6. Let a1,a2,03,...,a4 be positive real numbers such that 
1 
0102:::0& 2 (2k)! 
for all 1 € k € n. Prove that 
1 1 1 
ay +a +: pene oa tT bg. 


Solution. We choose yk = aj and 


1 1 1 


Tk = Qk—1)2k 2k-1 2k 


in the previous exercise. We clearly have 11 > ro > --- > £n and, by hypoth- 
esis, 


YlY2° °° Yk = 0102: Ak Z 7453 7 1.9 3.4 oL mot ^ 711207 


for every 1 € k € n. 
So the result from the previous example applies, and we deduce 


Yı Y2 +: + Yn Z T1 T2 +: E, 


that is, 
1 1.1 1 1 1 
EL MM IE Rp DA TEE 
Sql qp quiet *x ci x) 
1 2 3 4 2n —1 2n 2 4 2n 
1 1.1 1 1 1 1 1 
ou us EE e +5) 


as required. 
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Example 4.7. Let a1,...,@n be real numbers such that a4 4- --- +a, € k for 
1<k<n. Prove that 

a, . Q2 a, .1 1 

pou Turpe "S 


Solution. Let Aj = a, +---+ aj, thus by assumption Aj < k for 1 € k € n. 
Abel’s summation formula yields 


n m A n—1 1 
A a AE] 


Thus 


as desired. 


Example 4.8. For all a1,a2,...,an, 03,09,..., b, such that 0 < ay < ag < 
++ < an, O < bı < b2 < +--+ < bn and 


k k 
DCA < iF k —1,2,...,n 
i=1 i=1 
we have 
n n 
X as < b 
i=l i=1 


Solution. By using Abel’s summation formula we have 


n 


2 (0 


i=l i=1 ' 


n—1 k 
cd )+ (b? — a?) 
2 & cay best E zz) dH 


=1 


?— a) 
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Example 4.9. Let by > b2 > --- > bn > 0 be a nonincreasing sequence of 
nonnegative real numbers. Let a,,a2...,@n be real numbers such that 


ài a2 tag 2 bi bo b b for alll € k € n. 


Prove that 
a taat taZ > bltb +e +02. 


Solution. We will prove the stronger inequality 
aibi +azb2 +--+ anbn > b? + OR +--+ 07. 


To see that this implies the desired result, one can use either the Cauchy- 
Schwarz inequality or add up the inequalities 


az + bt > 2ayby for 1< k € n. 
For Sk = a1 +a2+---+a, Abel's summation formula yields 
abı + +++ + anbn = (by — 03)51 + (bo — b3)S2 +--+ + (bu 1 — bn)Sn—1 + bs Ss. 
By assumption bı — b2, ...,bn—1 — bn, bn are nonnegative and 
Sy Z bj +bg+---+b, forl<k<n, 


thus 
0101 +---+ anbn > (b — b2)bı + (b — 63) (bı + b2) 


Fent re n hod Se B Op bree i): 


Applying once more Abel’s summation formula to the right-hand side, we 
obtain 


(bı — b2)bı + (b2 — ba) (bi + b2) + +++ + (bui — bn) (b1 + +++ + bs) 
+bn(bi +- + bn) = OF +05 eor b, 


yielding therefore the desired inequality 


aby + agbe + +++ + agb, > b? + OR +- e2. 
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Example 4.10. Let aj,a2,...,@n be positive real numbers such that 


k 
Sa: > Vk for every k = 1,2,...,n. 
i=1 
Prove that 
x2 T EE 
£554 2 nj’ 


Solution. We use the previous example, by choosing by = Vk — vk — 1 for 
1 «X k € n. We have, indeed, 


1 1 
= —______ > — =f 
et re ee “V 
for 1 € k < n — 1 and, by hypothesis, 


k k 
Daz E= h 


for 1 < k < n. Thus the conditions are fulfilled to apply the result from the 
previous example, and to infer that 


n n 
Yate ie 
k=1 k=1 
But we also have the inequalities 


by = Vk- vk=-1 = 


bk 


1 1 
— > ——— 
Vk+vk—1  2vk 


which is precisely what we intended to prove. 


Chapter 4. The Abel Summation Formula 115 
—— — — — —Tetegram.meaxematboske-——— ———————— — 


Example 4.11. (IMO Longlist 1976) Let ao, a1,..., an, Qn44 be a sequence of 
real numbers satisfying the following conditions: 


ao = 0541 —0, |ak-1 — 2ak + ak+ı| € 1 (K=1,2,..., 0). 


Prove that i Ei 
EELE nero d naci a 


Solution. If we substitute aj 1 — ak = by 1 so that the hypothesis becomes 
|b, — bk+1| € 1, we have the following two identities (actually some Abel type 
formulas): 


k—1 
—ay = V (i + 1)(bi — bi+1) + kb 
i=0 
and : 
an = 3 (bizı — bi) (n — i) + (n — k + 1)br 
i—k 
We have 


(n+ 1)|ax| = |ka + (n — k + 1)a| 


n—1 k—1 
= kb — bi)(n — ] —-(n-k41) |S G41) - z 
i—k i=0 


< k[1 +2+: -n—k|-(n— kc 1) [I 42-0 K] 
k(n — k 4- 1)(n 4 1) 
2 


Example 4.12. Let a1 > a9 >--- > an be a nonincreasing sequence of real 
numbers. Let £1,...,2n be real numbers such that 


zi z3-b-c x4 —0 and |zi|-|zxo| +--+ len| — 1. 


Prove that 
à1—4G 
laiz1 +++ + antn] < e 
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Solution. Define Sk = zi4--- --Fz&, then Abel’s summation formula combined 
with the triangle inequality and the equality Sn = 0 yield 


[a121 +: + anTn| = 


n—1 n—1 
X (ax — ar41)Sk| < $. |Se] - (ak — ar41). 


Since 
n—1 


So (ax = Qk41) = 01 — an; 


k=1 


1 
it suffices to prove that |S;| < 3 for 1<k<mn-—1. On the other hand 


[Sk &max| 95 aj, D (2|. 


jSkaj>0  j<k,xj<0 
since |a — b| € max(a, b) for a,b > 0. It suffices therefore to prove that 
1 1 
P 2; $5 and p (72) € 5 
j&k,;20 jEk,rj«0 


for 1 € k € n. For this we may assume that k — n (as in this case the sums 
we are dealing with are maximal). But the hypotheses of the problem become 


3 zg- So (-aj) =0, Y 25+ Y (ay) = 1, 


1,20 zj<0 1420 zj<0 


» Tj = »» 2 m A 


1420 z;«0 


which yields 


as needed. 


Example 4.13. (Russia 2000) Let —1 < z1 < £2::: < n < 1 be real numbers 
such that 
TI +l +... +038 = 9) xam. 


Prove that if yı < yo <--> < ya are real numbers, then 


rly E o ny, < muy + aya d Eua 
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Solution. By Abel's formula we have 


n 
Y uz? —2;) = (yr — v3) (zP — 21) + (yo — ys) (s + zB — a — 22) + 
i=l 


n—1 n-1 n n 
ers (È "om Ys n (x: "- Ss] | 
i=l i=l i=l t=1 


Since yx — Yk+1 < 0 if we prove that 


k k 


3E —z;)20 or mum —-1)20 


i—1 i=1 


for all k € n proof will finish. 
If zi € 0, then once again by Abel's formula we have 


k 
sz? — 1) = (z1 — 22)ei + (22 — 23)e2 + +++ + (2k — Lk)Ck-1 + T&Ck 


Since —1 € z; € 1 we have 


T 
1 zl <r or Cr <0. 
i=1 


Thus since we assumed z; < 0, every term in above sum is non-negative. 
If x, > 0, then z; > 0 for all i > k+ 1 and hence 


n n 
DEEDES 
i=k+1 i=k+1 


But since we assumed 


ri tri +l = itate tEn 
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this implies 


Example 4.14. Let A be a finite set of positive integers such that for all 
different nonempty subsets B,C of A we have 


zEB zcCc 
Prove that 
yia 
aca? 
Solution. Let us order the elements a; < --- < an of A and let us fix 
k € {1,2,...,n}. By assumption two nonempty subsets of (a1,...,a&] have 


different sums. There are 2* — 1 such subsets and a4 +---+ a, is the maximal 
sum, thus necessarily 


ait- +a SO Tas eat 
Letting by, = 2*-1, we obtain 
eee bee be 


for 1 € k € n. On the other hand, it is clear that a,b; < --- < anbn, hence we 
can apply Example 4.4 and obtain 


: cu uei ewe educ sd 
ay an Sh ee 2 9n-l . 2n , 
as needed. 


Example 4.15. (USAMO 1982) Prove that for all x > 0 and all n > 1 we 
have 
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Solution. We will prove the result by induction, the case n — 1 being clear. 
Assume that the result holds up to n — 1 and let us prove it for n. Fix a 
nonnegative real number z and define 


We are asked to prove that a4 € |nz]. By Abel summation, we obtain 


n n [ka | n—1 
y» = Da -k = nan — N^ ag. 
k=1 k=1 k=1 
By the inductive hypothesis we have a, < |kz| for1<k<n-—1. Thus 


n n—1 n—1l 
nan < Y [ka] + [be] = [nz] Y (lkz] + Ln — E). 
k=1 k=1 k=1 


On the other hand, for all real numbers 2, y we have 


lz] + ly] € Iz * y]; 


as this reduces to the obvious inequality 


L{z} + {y}] 2 0, 


where {x} = x — |x| > 0 and {y} = y — |y] > 0 are the fractional parts of x 
and y. Thus we obtain 
Nan € |nz| + (n — 1)|nz| 2 n[nz], 


which yields the desired result. 
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Chapter 5 


Mathematical Induction 


Mathematical induction can be very useful for proving statements (like iden- 
tities or inequalities) when they depend on some positive integer. A proof by 
mathematical induction has two important parts. The first is the the base 
case: showing that the statement is true in some initial case. The second is 
the inductive step: checking that if the statement is true for one case, then it 
is also true for the immediately following case. 


Example 5.1. Prove that, for any positive integer n, 


n(n + 1)(2n + 1) 
De- EXT GERE, 


Solution. This is a quite simple exercise. We have already seen a proof in the 
introduction, and now we give it as an example for the inductive method (and 
for the beginners). If P(n) denotes the statement of the problem, we have 


1-2-3 

6 , 
which is clearly true. We still need to show that P(n) > P(n +1); that is, we 
need to get from 


SC Sg ey SUED OR ED 
6 


P():1?- 
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that 
n+1 
ye E AE EEE E EE a ee es en) 
k=1 6 
Indeed, we have 
n41 
» k= ^4 (n 0? = Ms DOR D stay 
k+1 k+1 
_ (n+1)(n(2n + 1) + 6(n + 1)) 
= 6 
— (n+ 1)(2n? + 7n +6) 
<= ao 
_ (n+1)(n + 2)(2n + 3) 


6 
Note that knowing where we want to arrive is always helpful; for example, it 
helps for the last factorization. 


Example 5.2. A formula exists for the alternating sum of the first n squares. 
Prove that 


n 
1 
Y cCo*g = (ie nn + ) 
k=1 
Solution. To verify this for n = 1 is easy, hence we prove that if the equality 
is true for some positive integer n, then it holds for n+ 1, too. We have 


n+l 
S~ —1)"1k? = Do 1712 + (-1)^(n +1)? 
k=1 
n-iR(n + 1) 
-1) WI 
= (-1)"(n+1) (-5 n1) 


- capit Dee 2) 


2 
as desired. Can you telescope this sum? 


Ted EI, 


Chapter 5. Mathematical Induction 123 


Telegram.me:@math_books 


Example 5.3. Prove that 
SE-B] 
€ 2 2 2 i 
where |x| represents the integer part of the real number x. 


Solution. For n = 1 both sides are equal to 0. If the equality is true for n, 
then it is true for n 4- 1, too, since 


n+1 n 
k k n+1 n|in-cl n41 
Dreri | + A 
k=1 k=1 
n+1 n n+1ij|in+2 
=| 2 IS EMI 2 ]| 2 |. 
We used, for the last equality, the property |x| + p = |x +p], for any real 


number z, and for any integer p. 
Did you see the telescope? Basically we have 


xE-x (GI EZI- EI) 
nem 2 = 2 2 2 2 
We invite you to prove in a similar manner that 


Pea ae 


k=1 


Il 
EE 
NIS 
Trs 
m 

3 
Nm] + 
p 
| Wr Pa SM 


for any positive integer n. 


Example 5.4. Prove that for a prime number p, and any integers 
L1,22,...,2n, we have 
(a1 22 +: + En) =x] +r ++? (mod p). 


Solution. First we have 


p-1 
(ata) = ah + ah 3 (Pati = af +28 (mod p) 
j=l 
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because every binomial coefficient (7) with 1 < j € p— 1 is divisible by p. 


Indeed, 
[5 cpp-1)p-j*1) 
j j! 
and we see that the factor p from the numerator cannot be cancelled, whence 
the conclusion follows. Thus we have our result proved for n = 2 (while for 
n = 1 it is obvious — no proof needed). Assuming it to be true for n arbitrary 
integers, we prove it for n + 1 integers: 


(£1 +22 d + En En)? m (£1 + T2 +: xs Xa 
+ 
Sm reret r (mod p) 


by using successively the cases of two and n numbers. 
Some remarks can be made about this (not very complicated, although use- 
ful) result. First, the same type of induction is often used in mathematics. 
For instance, one can prove by the same approach the generalized triangle 
inequality 

Jz + 22 zs € [zl] + lz2| +: [znl], 
for complex numbers 21, 22, . . . , Zn (after proving that it holds for n = 2). Or, 
you can show that the determinant of the product of a number of matrices 
equals the product of the determinants of those matrices (once you proved that 
this true for two matrices). Or, somehow similarly, the reader can generalize 
the first congruence to 


(£ +y)” =a +y” (mod p), 


for integers x and y, and positive integer j, and so on. 

Second, note that Fermat’s “little” theorem (stating that n? — n is divisible by 
p for prime p and integer n) follows immediately from this result. It is enough 
to consider the above congruence for £1 = £2 = -> = Zn = 1, and we get 


nP =n (mod p), 


for each positive integer n. The same congruence is actually true for any integer 
n (think how) and is very useful in number theory. Also, if n and p are 
relatively prime (or, equivalently, if p does not divide n) we have 


n? z1 (mod p). 
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Example 5.5. For a positive integer n > 2 prove that any positive integer m 
with 1 X m € n?, m x 2 andm¥¢ n? — 2 can be expressed as the sum of some 
different numbers from the set {1,3,...,2n — 1) (consisting of the first n odd 
positive integers). Also prove that n? — 2 does not have this property. 


Solution. We use induction; for n — 2 both results are obvious: we have 
121,3—3,4— 1 + 3 and 2 cannot be written as the sum of some different 
numbers from the set (1,3). Also, for n = 3 we have 1 = 1, 3 = 3,4— 3-4 1, 
5=5,6=541,8=54+3,9=543+41, while 2 and 7 = 3? — 2 cannot be 
expressed in the required manner. 

Now, the checking being made for n = 2 and n = 3, we assume that n > 4 
and that any number from 1 to (n — 1)?, except 2 and (n — 1)? — 2 can be 
expressed as a sum of some distinct numbers from the set (1,3,...,2n — 3}. 
Consider any 1 < m < n?, m Z 2, m z n? — 2. 

First, if m < 2n — 1 we have either the representation m = m (when m is 
odd), or m = (m — 1) + 1 (if m is even but not 2). Notice that we assumed 
n 2 4, which ensures n? — 2 » 2n — 1. 

In the second case, suppose that 2n < m < n? and m 4 n? — 2. We then have 
1 < m — (2n — 1) € (n — 1)? and m - (2n — 1) # (n — 1)? — 2. If, further, 
m Æ 2n + 1 we also have m — (2n — 1) Z 2 and all the conditions are fulfilled 
to apply the inductive hypothesis in order to infer that m — (2n — 1) is the 
sum of a few different odd numbers from 1 to 2n — 3. Then, of course, m will 
be the sum of these numbers and 2n — 1. Finally, for m = 2n + 1 we have 
2n + 1 = (2n — 3) + 1 + 3; again by the assumption n > 3 this is a good 
expression of n, because 2n — 3 » 3. 

The second statement is obvious. If a subset of {1,3,...,2n—1} has sum n?—2, 
then the complementary subset would have sum 2, which clearly cannot occur. 
'This is problem 1786 from Mathematics Magazine. 'T'he interested reader can 
find a slightly different solution by David Nacin in the same Magazine from 
February 2008. 


Example 5.6. For positive integers k and n and complex numbers 
Q1,@2,...,An we define 


k 
Sa, y an; k) = y (-1)7-15 (Y: J 


0zSC(1,..,n] ies 
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n— 


- cay 25 (ai, +--+ F ain)". 


[un 


j=0 ISi «i4 5;€n 
Then we have 
0 k«n 
$(a1,...,04;k) = i B 
nla109:--a4, k=n. 


Solution. For n = 1 this is clear, for n = 2 and k = 1 the identity is 
(a1 + a2) — (a1 + a2) — 0, 
while for n — 2 and k — 2 it says that 
(a1 + a2)? — (a2 + a2) = 2a31a2. 


We assume the result to be true for n numbers and we prove it for n +1 


numbers. 
We have 


k 
Sae , an+1; k) = 5 (ae! (x «| 


OASC{I,...,.n+1} ies 


S gig ae (= J 


0zSC(L,...,n) ies 
k 
+ So yl (= di tma) 
SC{I,....n} ies 


by splitting the sum into two sums, the first corresponding to subsets of 
(1,...,n + 1) that do not contain n + 1, and the second sum having terms 
that correspond to subsets of the form SU {n+ 1) with S C (1,...,n) (thus 
to subsets that contain n + 1). In the second sum there is one term corre- 
sponding to the empty set (which we isolate), and for every other term we use 
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the binomial formula; then we change the order of summation. Thus we get 


k 
S(a1,..., an4+1; k) = b» [5st tel (x «| 


PSC.. n} ics 
A j 
+ > car (A(Z) 4 (-1)^ab 
04SC{I,....n} j-o M ies 


k 
- y) (yes (x) 
0£SC{I,....n} ics 
j 
Dre Jat MIN 5 (-1)" (x) + (-1)"aF 4. 


0zSC(1,..,n) ies 


Now we note that the first sum and the terms corresponding to j = k in the 
second sum cancel each other; also the terms corresponding to j — 0 in the 
second sum and the isolated term (—1)"a*,, together form the expression 


da Y) ul sake Si -1(") =o, 


SC{I,....n} r=0 


hence we only remain with 


k-1 j 
$(81;-.- 541; k) = C) aon >D (-1)^-l8l bs a 


0S C(1,...,n) ies 
k ; 
= ( Ja ak7} S(ai,.. uv): 
ja J 
If k < n 4- 1, then every term in this sum has j < n and hence vanishes by 


the inductive hypothesis. Thus we get a sum of 0. If k = n + 1, then the only 
non-zero term is the j — n term, which equals 


n+1 
( n Jesants sas = (n+ 1)la1---an41, 


as desired. 
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Example 5.7. Let ag = a1 = 1 and 


a? 2 
anti =the -+ 


Qn—1 


for n 2 1. Find an in closed form. 


Solution. We see, by using the recurrence relation, that ag = 2, a3 = 6, and 
a4 = 24. Therefore we have good reasons to guess that an = n! for all positive 
integers n, and we prove this statement by inducting on n. We are left with 
proving that, if a, = k! for every k < n, then a441 = (n + 1)!, too. Note that 
the recurrence relation also gives us 


2 2 
a Q1 
Oy — l4 e, 
ao Qn—2 
consequently 
2 
a 


n 


Qn41 = An + 
n—1 


for every n > 1. By the assumption we made we have 


2 n: 
ansi = nl + 7 d =ni (1+ uu) one nen! 


and our claim is proved: we have an = n! for every natural number n. 


Example 5.8. Let x; = —2, 13 = —1 and 


En+1 = Mn(z-1)--2z4.1i 
for n 2 2. Find z1 + 2 + --- + 12909. 


Solution. One sees that z3 = 0 and z4 = 1, thus one may guess that £n = 
n—3 holds for all positive integers n. We prove this by inducting on n; assuming 
that the result x, = k — 3 is true for all k € n (in particular £n = n — 3 and 
Z54—1 = n — 4), we will have, by the given recurrence formula, 


E441 = Vn((n— 3)? +1) + 2(n — 4) 


= i/n3 — 6n? + 12n — 8 


—n-2-(n41)-3, 
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completing the proof. 
In this situation 71 + £2 d--:-- 4-229909 = 2009 - 1002 = 2013018 follows quickly, 
doesn’t it? 


Example 5.9. Find the positive real numbers x1, %2,... that satisfy 
T3 taste. tad = (r1 +r HeH an)" 
for any positive integer n. 


3 


Solution. We have x? = x? (for n = 1) and zı > 0 yielding xı = 1. Then, for 


n = 2, we get 
1+ a3 = (1 + 22)? & 23 — 12 — 222 = 0 € z2(22 + 1)(z2 — 2) = 0, 
hence (being positive) x2 = 2. These results, and the well-known identity 
13498 4... n 2 (1724 Hn)? 


are good reasons to believe that x, = k for all positive integers k. Supposing 
that this is true for every k € {1,2,...,n} we will have (by hypothesis) 


P gn xn SUR EE 284)? 
n(n+1 nin +1 : 

«(ny + nasl ( 2 + ant 

e ma — Tap — (N+ 1)2s4 = 0 

= In41 (Eger T n)(z&41 = (n F 1)) = 0, 


therefore z441 = n + 1 follows, finishing the inductive proof. 


Example 5.10. Let a1,a2,...,@n be distinct positive integers. Prove that 
n+1 
aj+az+---+a,> 3 (a1 + a2 +++ an). 


Solution. The statement is clearly true for n = 1 (it becomes a} > a2), so let 
us assume it holds for any n distinct positive integers, and prove it for n+ 1. 
Thus, we want to show that 


2n 3 
aj-ajceecbapctala2 


(ay +a2 9 ::: + às + àn41) 


130 Chapter 5. Mathematical Induction 


Telegram.me:(gmath books 


is true for any n + 1 distinct positive integers a1,a2,...,@n41. Due to the 
symmetry we can assume that a1 < ag < **: < Gn < Qn41. 
We have, by the induction hypothesis, that 


2n 4-1 
a +a +- +a > 3 (ay -- a2 +--+ a4). 
If we could prove that 
2 2n+3 
anı 2 3(a1 Haz +: + an) + 3 Ants 


adding these inequalities would yield the desired conclusion. 
Thus, it remains to show that 


2 2n+3 
aas > z(a +a +--+ an) + 3 An+1) 


for any positive integers a, < ag <--+: < às < Gn41. 
Because they are integers, the above inequalities actually say that 


Qn41 Z An +1, an+1 2 An-1 + 2, 


and so on, until a441 > a4 +n. Consequently, 


2 2n t 3 
g(m +az +: + an) + g antl 


2 2n - 3 
< g (anti =N + ang = (n- 1) +: +- Fangs — 1) + 3 anti 


2 n(n 4-1 2n 4-3 
= 3 (ania — e) + 3 An+1: 


And now we have 


2 n(in+1 2n+3 
3 (rans: - ES) + Janta S aa 


because it is equivalent to 


(asia — (n +1)) (anti - 2) 20, 
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which is true, since an41 > a1 +n > n +1. Our proof is done. 
Try to prove that 


——— (a1 + a2 + +++ + an) 
for any distinct positive integers a1, @2,...,Qn.- 
Example 5.11. Prove that the inequality 
2” —-nz+n-1>0 
holds for any positive real number x and any positive integer n > 1. 
Solution. We show that 
(1+a1)(1+a2)---(1+@n) 2 1+aı a2 +: 0n 


for any real numbers a4,225, ...,a; all greater than —1 and all having the same 
sign (possibly, some of them are 0). 
The base case n = 1 is obvious. If we have 


(1+ a1)(1+a2)---(l+an) >1+41 a2 t: à 
we can multiply in both sides by 1 + an41 and get 
(1+ a1)(1+ a3) --- (1+ an)(1 + Qn41) 2 (1+ a1 + ag +--+ + a5)(1 + an+ı) 
= 14a, + a2 +--+ + an + 4a + An41(a1 + a2 +--+ + an). 
Since all numbers aj, a2,...,@n41 have the same sign, we have 
an41(01 + a2 9- ::: c a4) 20 


and the conclusion follows for n -- 1 numbers. 
Now let x > 0 and consider aj = ag = --- = Qn = £ — 1 which satisfy the 
conditions for the above inequality. And the inequality reads 


(1-z—1)21-«4-n(r—-1)ez"—nrztin—-120, 
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exactly as we wanted to prove. 
This is one of the many instances of Bernoulli’s inequality. It can also be 
obtained by using the AM-GM inequality in the form 


ee +14+14---41>n /e®-1-1-...-L=ne. 
n—1 times n—1 times 


Thus we see that the equality case holds if and only if x = 1. 
It also holds in the form 
zg —ra+r—1>0 


for positive z and r > 1 (not necessarily an integer). If we take 


1 1 
See and x=1+—— 


T n+l 


we get one interesting application of Bernoulli’s inequality (in this more general 
form), namely we get 


n+l 
1 ^ n+1 1 n+l 
1+ —— = 1+ —— -1>0 
(+) n (14-45) + n 
n+l 


1 n 1 p xm py 
< | 1 + — >14+-es(14+— >{1l+—- ; 
n+1 n n+l n 


That is, Bernoulli’s inequality implies the monotonicity of the sequence with 


general term 
1 n 
(: + *) n 
n 


which defines the number e (as being its limit). 


Example 5.12. Prove that 


n-1 
1 — rcost — r” cosnt + r^*! cos(n — 1)t 
ü 2 ids 1 — 2rcost + r? 


and 
rsint — r^ sin nt + r"*! sin(n — 1)t 


n—1 
By = r^ sin kt = 
F 3 1 —2rcost + r2 
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for any real numbers r and t with 1— 2r cost +r? 4 0 and any positive integer 
n. 


Solution. We already have shown that these equalities hold by using de 
Moivre's formula. Now we prove by induction the formula for A, and leave 
Bn to the careful reader. 

For n — 1 we have to see that 


1—rcost—rcost+r? 
Aj = 1 = NU ee EN 
1— 2rcost+r 


) 


which is clearly true. Then we have (supposing that the formula for An holds) 


1 — rcost — r” cosnt + r"*1 cos(n — 1)t 


n 
t 
1 — 2r cost +r? WD Wn 


Anti = An + r” cos nt = 


n+l1 n4-2 


| 1- rocost — r” cosnt 4- r"*! cos(n — 1)t +r” cosnt — 2r"*! costcosnt + r^*? cos nt 
~ 1—2rcost +r? 


| 1=rcost — r^*! cos(n + 1)t + r*? cos nt 
7 1—2rcost +r? 


? 


because 


n+l cos(n — 1)t — 2r"*! costcosnt 


x 
= r"*! (cost cos nt + sin tsin nt — 2costcosnt) = —r"*! cos(n + 1)t. 


Thus the formula for An+ı holds and we are done. 


Example 5.13. For each positive integer n and each real number x prove the 
following inequality 


n 
cos x| + | cos 2z| + | cos4z|+---+|cos2”z| > —H. 
cos z| | cos 2| + | cos | +-+: + |cos2"2| > 3" 
Solution. First we observe that the inequality 
ja] + 2a? — 1| > ES 
? 4 


holds for any real number a. 
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Indeed, this clearly holds for |a| > 1/./2, while for |a| < 1/4/2 it can be written 
in the form i 
la| +1 -— 2a? > —. 


/2 


For example, when a € [0, 1/ v2] we have to prove that 


1 
a)=1+a-—2a? > —. 
f(a) IN; 
But f is a quadratic function with maximum attained at a — 1/4 € [0, I v2] 
(the maximum is 9/8, but this is not important in this matter). Therefore, 
the minimum value of the function in the interval [0, 1/2] is 


[rr] 


1 
a| + |2a? — 1| = f (a > — 
la] + | | = f(a) Và 

follows for a € [0, 1/ v2] , too. The reader will surely be able to prove the 
inequality in the case a € [-1 / v2, 0] by a similar reasoning (or just by noting 
the parity of the function a + |a| + |2a? — 1|). In particular, we have 
1 

cos t| + | cos 2¢| = |cost| + |2cos?t — 1| > — 

| cost] + | | = [cost] + | | V 
for every real t, implying that P(1) is true (it is weaker than the above in- 
equality), if we denote by P(n) the statement of the problem. 
For P(2) we have 


Thus 


1 2 
| cos z| + | cos 2x| + | cos4z| > | cos z| + |cos2z| > — = —~, 
v2 2/2 
according to the same inequality proved above. 
And now we show that P(n — 2) implies P(n). Indeed 
= v n-2 1 nm 
5 | cos 2z] = 5 | cos 2*z| + | cos 27^ 1z| + | cos2^z| > ——— + — = — 


i-o e By 92 NE 
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and the inductive proof is done. Note that the following proof is also available 
(also based on |cost| + | cos 2t| > 1/./2). Adding the inequalities 


1 
| cos 2*-1 + | cos 2*z| > —, k=1,2,...,n 


V2’ 


(together with | cos z| > |cosx| and | cos2"z| > | cos2"z|) yields 


n 
n 
2 cos 2^z| > — +] cos z| + | cos2"z 
$ [eos 2c] > ^ + cosa] + |cos 2"2| 


to v2 


and since the sum of absolute values from the right side is nonnegative, we 
obtain the desired inequality 


n 

n 
2 cos 2^ > —. 
RRE 


It is a matter of taste if we choose the proof that uses induction, or the one 
that avoids it. The most interesting fact about the two proofs above is that 
there is one simpler than each of them. We are sure that, carefully analyzing 
the cases n = 1 and n = 2, the reader will be able to find it. The lesson to 
be learned here is that a proposition depending on a positive integer variable 
need not be proven by induction. 


Example 5.14. Prove that Jackson’s inequality: 


sin 2x sin ng 


sin £ + >0 


holds for any x € (0,7). 


Solution. Let . . 
; sin 2x sinnz 
S,(x) = sinz + ee : 


For n = 1 we clearly have 


Sie) sine > 0 
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for all z € (0,7). Assume that S,(x) > 0 for every x € (0,7) and let us prove 
that the same is true for S,4;(z). The derivative of S,,41 as a function of z is 


(n+l)  (n42) 


Sin 2—— — cos uU Pu 
Si41(z) = cosx + cos2z 4 --- + cos(n + 1)z = ap ME ME 
sin — 
2 
and has zeros (hence the critical points of Sn+1) 
gre 2kr 
k n+l 


and 
„ (2k+1)r 
Tk = ——— 
n+2 
for 0 < 2k < n+ 1 (since we want xi, and x; to be in the interval (0,7)). The 
extremum points of $,,1 are among these points and the endpoints, and we 
have, by using the inductive hypothesis, 


sin(n + 1)2, 


— / 


Suv) = S, (24) F 


and 
in (n+ 1)(2k + 1)r 


sin(n + 1)27 
Sra (a) = Su (o) + Et UE Lea) ——B+2 — 
. (2k +1)r 
" zo n+2 7 sin ry 


because rj € (0,7). Also, the limits of S,41 at the endpoints 0 and m of the 
interval are both equal to 0, therefore the conclusion follows. We invite the 


reader to prove that 
n 


yon == ső 

k=1 k 
for every x € (0,7) (not necessarily by induction, but rather as a consequence 
of the result that we have proved). 
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Example 5.15. Prove that 


Solution. Let S, and T, denote the left-hand sum and the right-hand side 
respectively. We have 


1 2? 1 fni n 1 Eq fu 
Sm- = zu k Oar a 


In the previous calculation, we used the recurrence formula of the binomial 
coefficients, then the formula 


1 n » n! mE n+1 
k\k-1 ~ k(n--1—k) n+1 k J’ 


and finally the sum of the binomial coefficients from the (n + 1)-st row of 
Pascal’s triangle. 
On the other hand, it is clear that 


2^ —] 
Tnt = In ———. 
n+1 Tn n+l 
Now we have Sı = T1, and if S, = Tn we also get 
Sn+1 = (Sn+1 E Sn) + Sn = M p — Thn) + Th =4tn4+1 


and the identity follows for all positive integers n. 


Example 5.16. (USA TST, 2000) Let n be a positive integer. Prove that 


cera co T LN Luc a 
0 1 nj 2+ l1 2 nt1/' 
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Solution. The proof is by induction on n. Denote the left hand side by an, 
and the right hand side by bn. The base case is clear and we only need to show 
that an and b, satisfy the same recurrence. A recurrence for bn is simple: 


ndl 
2n 
So we only need to prove that 
n+1 
An = ——Gn_-1 +1. 
2n 


We have 
nrl(n—-1V! _ (n+ 1)il(n-i-D! 
2n i = 2(n!) 
To express the right hand side in terms of binomial coefficients of base n, we 
write n + 1 as (i + 1) + (n — i) and conclude that 


n4l(n—1V (i1) (n— i))il(n i — 1)! 
ri i ) B 2(nl) 


=; (Gar E 


By summing these relations and using the fact that 


() - C)» 


we get 


and we are done. 
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Chapter 6 


Combinatorial Identities and 
Generating Functions 


Combinatorial identities deal with binomial coefficients. The binomial coeffi- 
cients (7) are defined by 


n n! n 
————— if 0<k< = i 
n kl(n — k)! if0<k<n, and @ 0, otherwise, 


where n is a nonnegative integer, while k is an integer. Remember that 0! is 
defined to be 1. 
A very useful relation is the recurrence formula of the binomial coefficients: 


n--1V (m n n 

k+1) \k k 17 
which you can check applying the definition. The binomial coefficients can be 
found using the binomial theorem (Newton's formula) 


(a+b) = 2 n gh NB, 


Many useful formulas are easy consequences of the binomial theorem. 
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For example, the above formula with a = b = 1 yields 


»x(9-Q (G++ G) =" 


a relation that is useful in many combinatorial identities. The binomial coeffi- 
cients appearing here are in the same (the (n + 1)-st) row of Pascal’s triangle. 
We also have (the generalized Newton’s binomial formula) 


(1 +z)” = n + ({)e+ (27 dofus 3 s 


where the binomial coefficient is defined for an arbitrary real number o as 


(2) a(o— 1): (a — k4- 1) 


k! 


In the particular case a = n (a nonnegative integer) we recapture the binomial 
formula with a finite development: 


(l+2)" = D + (Dee $i jen ML (mme ; 


n 


because (7) = 0 for k > n. The function (1 + x)" is called the generating 
function of the sequence ck = HE For every sequence (an)n>0 we can associate 
an infinite series 


F(x) = ag + a2 + aga? +- Hant” t 


called the (ordinary) generating function of the sequence. As an example let 
us take the sequence a; — 1, then 


1 
1-a 


F(z)-1-M4zctz^ xxr" Bee- 


Thus 
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is the generating function of the sequence a; = 1. Let us list some of the 
most important sequences and functions corresponding to them: The sequence 
ak = 1/k corresponds to 


1 1 
-h(i-2)-z459 + oa) ++, 


from this result it immediately follows that 


oo 
(-1)7! iat ril 
In2= Ao cep —— — n 
n » i 273 4° 


The series corresponding to the sequence aj = 1/k! describes the universal 


constant e: 

r zr? r 

qo Tape 

For the Fibonnaci sequence (Fo = F1 = 1 and Fn = F4 14 F4 2 for n > 2) 


the generating function is 


e =1+ 


1 


and, of course, Newton's formula says that the sequence aj — (2) corresponds 


to: m 
(l--z)'- 5 M 


n=0 


Example 6.1. Evaluate 
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CP lint )/2) y 
sees o ta) 


A+B= XC jE (1+1)" — 25, 
4-2 Ye () - (1—1y* =0, 


therefore A = B = 2^-1, These are also fundamental identities satisfied by 
the binomial coefficients. 


and 


we have 


Example 6.2. Prove that 


Y») =n. nl, 


k=1 


Solution 1. Because 


GE) - hme "ine ci 7 nci) 


b0-EC9-36)- 


k=1 j=0 


we get 


according to the fundamental identity of the binomial coefficients. 
Solution 2. We start with the binomial formula in the form 


n 
Yo (R)et= +2)" 
k=0 
valid for any real number z. Differentiating with respect to x yields 


Y k M ak! = n(1 +) E, 


k=1 
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which is a more general identity — it is enough to take x = 1 in order to obtain 
the result stated by the problem. 
Try to prove in a similar manner the identity 


E =1) (i) = n(n — 1). 2^7? 


(use k(k — 1) (5) — n(n — 1) d K A or differentiate twice), then infer 


n 
5 k? (5) — n(n + 1) -2^7?, 
k=1 


for any positive integer n. Also prove that for n > 3 


cos @ = ei: (5) - Q0. 


k=1 


Example 6.3. For nonnegative integers m and n show that 


Een) «en(*.") 


Solution. The result is clear for m — 0. Assuming that it holds for some m, 
we will have 


Seo) z Ye) da eio 
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as we needed to prove, according to the recurrence of the binomial coefficients. 
Note that the result from the right-hand side is 0 for m > n> 1. Actually, for 
m > n > 1 the identity is always the same, namely 


Ye»(?) -0 


which by the binomial theorem basically says (1 — 1)” = 0. Also observe that 
a direct proof (by telescoping) can be obtained if we replace each [Eg] with 
673 + Ca by the same recurrence relation for the binomial coefficients. 


Example 6.4. For positive integers m and n with m < n prove that 
n 
p» k T, — 9n-m n , 
mj \k m 
k=m 


Solution. We have 


n! (n — m)! 
m!(n=m)! (n — k)(k — m)! 


RES 
- 052 eames Ce (Cose 


k—m k=m j=0 


We changed the index of summation with the substitution j = n — k, when k 
runs from m to n we see that j runs from n — m to 0. 


Example 6.5. Evaluate 


“1 /n+k 


k=0 
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Solution. We have Sp = 1, $1 = 2, S2 = 4 and S3 = 8, therefore we have 
reasons to believe that S,, = 2" for every nonnegative integer n. We can prove 
this by finding a recurrence relation for Sn. Note that 


n+1+k nt+k n+k 
= > 
( k ) ( k )* (p i) sz: 


and iss i 
n+1+ n+ 
( 0 )=( 0 ) for k=0 
Thys +1 +1 
n n 
1 /n+k 1 /n+k 
sabia) Es) 
k=0 k=1 
2 mtk\ 1 (2n+1 oe n+k\ 1 (2n+2 
2 2kV k antl \ n 4-1 2k Vk —1 2n432| n 1/7 
k=0 k=1 
Since 


1 o _ 1Qn4+2)(2n+1)! — ey 


2\n+1 2(n+1)n!i(n+1)! \n+1 


the two terms extracted from the sums above cancel, and we get 


n n+2 
1 /n+k 1 /n+k 
Suni = =e k )3aG'i) 


k=0 k=1 
E iss 1 f(n41)4(k—1) 
ME - x k—1 
1 
= Sn + Z Sni» 


that is, Sn+1 = 254. Now an easy induction (based on this recurrence relation) 
shows that, indeed, Sn = 2" for all n > 0. 


Example 6.6. Prove that 
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Solution. Consider the function f(x) = (1+ z)?^. From the Binomial The- 
orem the coefficient of z^ in f(x) is equal to (”). On the other hand, we 
have 


(1+a)" =(14+2)"(1+2)" 


=(()+ Ger) C) e+ Qe): 


If we perform standard multiplication, the coefficient of z^ will be equal to 


QOOC--00 
dp 


Example 6.7. Evaluate 


(a) ++) + 


Solution. Let us denote by A the sum from the problem statement, and let 


us consider also 
n n n 
d EOS hs 
n n n 
Rem ECs 


and 
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Then for n > 1 we clearly have (by the binomial expansion) 


4cB«een-Y (7) = (14:1) = 2, 
A-B«c-D- Y -iy(7) = (1-1)"=0, 


k=0 
n 


AxiB-o-ip- Y (Dé = 0+0", 


and 


A-iB-Oip- Y (Soest -a- 


k=0 
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The system of four linear equations with unknowns A, B, C, and D can be eas- 
ily solved (by adding and subtracting the first two and the last two equations, 


etc.), yielding 
ES 1 n—1 n a) 
A-z(2 + 22 cos -7 ; 


One can also get 


Hc (277 «235m 77), G= 


Nile 
NI = 


and i 
D-; (ara — 98 gin t) 


9n-1. 9$ =) 
( cos 4 


Note that these formulae do not work for n = 0, because in that case A — B+ 


C — D equals 1, not 0. 


Example 6.8. Evaluate the sum 
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Solution. From the binomial theorem, this is equivalent to finding the sum 

of the coefficients of f(z) = (1 + x)" for the powers of x whose exponents are 
divisible by 3. Let 

2m |... 2m 

w = cos- ft Sas 

a third root of unity. Then we have the following identity 


3 if 3|k 


k 2k |. 
Venu asd -l 0 otherwise 


The proof is simple, and amounts to taking cases on the value of k modulo 3. 
If k = 0 (mod 3), then w* = w?* = 1, and the above sum equals 3. 

If k = 1 (mod 3), then from w? = 1 we have w* = w and w” = w?. 

'The sum equals 


keuren 
W 


The case k = 2 (mod 3) is analogous. 


fl) + fw) + fw’) 


the binomial theorem, it follows that 


Now, consider the quantity . By the above identity and 


(Sd _ F0) * fe) + fe’) 
3 
(1+1) +(1+w) + (1+w?)* 
3 
_ 2? + (—w)" + (—w?)” 
MEE ERE 


where we have used the identity 1+w+w* = 0 for the last equality. We invite 
the reader to check that the final result is 


e) = 5 (2 200 7) 
= 3k 3 37" 


by evaluating the powers of —w and —w? with de Moivre's formula. 
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Example 6.9. Find in closed form 


n 


n = X_(-1)}(n — k)!(n + k)!. 


k=0 


a) z EE E t i) 


our sum is easily transformed into a sum involving (reciprocals of) binomial 
coefficients (in two forms): 


Solution 1. Because 


Thus 


Now the formula 


1 2n+1 1 1 
+ 


i" ~ 2n +2 G + Ü S t Y 

j j j+1 

can be easily checked by using standard computations (and we invite the reader 
to do that). So 
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2n 


ee oe 


2n 2 | (2n+1 E 
j j+1 


2n+1ļ|  (-1)° (-1)»H 


2n +2 2n 4-1 2n 4-1 
0 2n+1 


|. 2n t1 
~ n+l’ 
leading to 
Sn 1 n 2n+1 
(2n)! (2n CEU nl 
n 
Finally we get 
1 (2n 4- 1)! 
= (ql)? pq) M 
Sur gU ED UD 


It hardly seemed in the beginning that we would get a telescope for this sum, 
did it? 

Solution 2. This is more involved, but showcases a useful trick. As in the 
first solution, we have 


Now, the reciprocal of a binomial coefficient can be expressed by an integral 
with the following formula: 


1 
€ (m+ Df zi(1—2)™ idz, 
0 


G) 
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and consequently we have 


Sn - Tae 
—— —(2n41)y (-1 n=k(1 pg 
gay FD OY [Aa 
: 2 /£-1\" 
= (n+ 1) | Pü-a*3 ( ) dz, 
9 kco \ T 
where we arrived at the sum of a geometric progression: 
T— 1 n+1 
x (#4) ( z ) -1 gt) (gy—1)nH 
| sa = = 
rm "cl a 
_ ote (urd - 2) 


gn 
We get further 


Sn = (2n + 1) 1 (rg ex x)” si (—1)"(1 E gue dz 


(2n)! 0 
2n 4-1 1 
= uns ee 
2n +2 2n+1 i | 
n 


1 
where, for f a"+1(1 — x)"dx we also used the formula from the beginning, 
0 


with m = 2n + 1 and j = n+1 (and we wrote (^^!) instead of (77*1)). 
Finally, after multiplying by (2n)! and a few more calculations, we obtain our 


result i 
Sn = PIC 4 (-1)^ (n 4- 2)--- (2n + 1)). 


To prove the integral formula for the reciprocal of a binomial coefficient, notice 
that we have (integrating by parts) 


1 B H 
Ij sj z!(1— x)" dz 
0 
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' n —4 fi. : 
= ut s — se os di g^ (1— r)i tde, 
j+1 0 gtl Jo 
thus i 
J 
Huc ui 


The desired formula follows by iterating this relation, until we arrive at 


1 


Io = —., 
n+l 


which is easy to check. 


Example 6.10. Prove that 


therefore 
SEO )-E (2.0 ) 
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Finally, our sum is 


BLEU Eds 


=2 =A 


s ois Con 2i +2) TERN 


-5 E imam x77) +L 2550) 
7 


We can also evaluate the final sum directly as a telescope with step 2: 


n n 1 1 
ene a2 H^ ee ee) ENE Ste Gea) 


Emo 
lim {1+ La : =1+ mE. 
n-o00 2 n n+1) — EE X 
Example 6.11. Evaluate 
In! 
m=0 n=0 pun 


Solution. Observe the following fact 


m=0n=0 = n=0 
Using the infinite series for e”, x = —1, we get 
£ 1 1 (si oe 
1 = 
€ 1— M + 921 ay + " E p» n! 


Thus 
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Example 6.12. Prove that 
io : n(n? — 12)... (n? — (k 2 1)? 
ls. e _ n(n? 19). (n? = (b= 19) 


— Me TUE aee cre 
$1414 ig —n 


where the sum is over all possible k-tuples (11, 12,...,%%) of nonnegative inte- 
gers that sum to n. 


Solution. A moment of thinking shows that we have the equality of formal 


series i 
Ysa" = = (X ma * . 


m=0 


Now, by differentiating Y gos and then multiplying the result by z 


m=0 


we get 


Y ma™ aoa 


m=0 


oo oo k k 

n m T = 
1 Sup = | > mT S = ü - zy = z*(1 — z) ah 
n=0 m=0 


But S, is precisely the coefficient of x” in this development, which we can 
obtain with Newton’s binomial formula for the exponent —2k. Clearly, Sn = 0 
for n < k — 1 (because, after using the formula we multiply by z^) — and the 
result is the expected one. For n > k this coefficient is 


a) _ (n k - 1)(n-- k- 2): (2k + 1)(2k) 


hence 


n—k (n — k)! 
0 (no k- 1) 
— (2k — 1)!(n — k)! 
| (n+k-1)(n+k-—2)---(n-—k+2)(n-—k+1) 


(2k — 1)! 


z nin? = 1 jon? —(E-1)5) 
i (2k — 1)! 
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and the formula for S, is completely proved. 


Example 6.13. Prove that 
(—1)8 tint jl Ci + ja a = as Ede L 
ji42j24--—nj.—n J1:22:*** Jn: n 
where the sum is over all the n-tuples (j1, j2, ..., jn) of nonnegative integers 
for which jı + 232 4- --- -- nj, =n. 
Solution. The two main ingredients of the proof are the multinomial formula, 
(ji +j2 ++: + Jn)! ue .. gin 


(z1 + z2 +: +: + ga)" = 2- Ty =q 2 
june weer In: 


(which for n = 2 gives the binomial theorem), and the logarithmic expansion 


! E ezesge ote y 
i r 2 3 Ek: 


But we can also calculate the logarithm like this: 


1 
l7 =ln(1 +r +r? +) 


Because we are interested in the coefficient of x” (which, in the first form of 
the development is 1/n) we can give up the powers of z with exponent greater 
than n. Thus, the coefficient of x” is the same as in 
r+? +--+) 
(mta ar EET ta 
rr? +r”) aleta? +- Har)” 
eee E eae eee 
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By the multinomial theorem we have 


(x + x? +e pos = 5 (A Tug Ín)! | ji e2jo4- nin 


aiel 
hitjatotjnzp ILIZ dn 


hence the coefficient of x” in this formal series will be 


(—1)ittiet tin Citat AS 01 

ety ree em jiljal o ATjA4Tectj 
2 Y (-1) tnr Ginkgo T =)! 

eai 
FitQjote-+njn=n J1+J2: Jn: 

Since first we found this coefficient to be 1/n, the desired equality follows and 

our proof is done. 

We close this chapter with the classical (and very beautiful) theorem of Lucas 

which evaluates the binomial coefficients modulo a prime. 


Example 6.14. Let p be a prime, let n and k be positive integers (n > k), 
and let n = ng + nip +- 4- np? and k = ko + kip +--+ ksp? be the base p 
representations of n and k. Here n; and k; are base p digits, that is, they are 
all from the set (0,1,...,p — 1}. We then have 


6) = (S) (k) mn 


Solution. In the proof we will work in the ring Zp of integers modulo p (and, 
more precisely, we will work in the ring Z;[X] of polynomials with coefficients 
in Zp). The elements of Zp are equivalence classes of integers, but we will not 
use specific notations for the equivalence classes. Instead equivalence classes 
will just be denoted by numbers. Since we are working in Zp, we will have 
equalities rather than with congruences. Thus, for example, the congruence 


(x+y)? =a? +y? (mod p) 
(proved in the chapter Mathematical Induction) will be written 


(zy = ah y", 
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because now rz and y actually denote the classes of equivalence of x and y 
modulo p. In fact this is the starting point of the proof. It is clear that 


OM d 
holds for f,g € Zp[X], too (the proof is the same); moreover, we have 
(fg =f? +9” 
for any positive integer j (we leave the proof by an easy induction to the 
careful reader). Thus, in Zp|X] we have 
(14- X)" = (14- X)'*((1-- X)" ..-((0- Xy» 
(14- X)'*(1-- X?) ...(1-- XP)" 


no no ni "e Ns A 
Xio ( . p m ( a xis 
>) IG C 


jo=0 ji=0 


Now the coefficient of X* in (1 + X)" is, of course, Gis The expansion of the 
final product from above contains all terms of the form 


m (3) =, t Xdothpk-m 
Jo Jı Js 


with 0 < ji € nj for 0 < i € s. Since the base p representation of a natural 
number is unique, X^ only appears in this expansion when j; = k; for every 
0 € i € s, therefore it has the coefficient 


(a) a) (2) 


By equating the two coefficients of X*, we obtain that (in Z,) 


n\ — (no\ (m Ng 

k)  \ko] Vi ks]? 
which, if we consider numbers instead of residue classes, is precisely the con- 
gruence stated by Lucas’s theorem. 


Note that, as an immediate consequence of Lucas’s theorem we have the fact 
that 9) is divisible by p if and only if there exists 0 € i < s such that n; < ki. 
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Chapter 7 


Sums and Products in 
Number Theory 


There are a lot of problems related to sums and products in Number The- 
ory. Àn area which we would like you to cover is based on three well-known 
functions that on positive integers n have relatively short formulas in terms of 
their prime factorization 


Ql , Oc Q. 
n = pi Pa EES Das 


These are 

e T(n) — the number of positive divisors of n. 

We can write this as T(n) = 5 lor in terms of the prime factorization we 
d|n 

have 


T(n) = (a1 + 1)(oo + 1) --- (an +1). 


e c (n) — the sum of the positive divisors of n. 

We can rewrite this as o(n) = D d or in terms of the prime factorization we 
d\n 

have 
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e ó(n) — the Euler’s totient function, the number of all positive integers less 
than or equal to n that are relatively prime to n. (The *equal" case obviously 
only matters for n — 1.) In terms of the prime factorization of n we have 


eee as eles 


and we also have 5 $(d) = 

d|n 
The last fact is not so obvious and we would like to prove it. We consider the 
rational numbers 


Clearly, there are n numbers in the list. On the other hand we can obtain 
a new list by reducing each number in the above list to the lowest terms; 
that is express each fraction as a quotient of relatively prime integers. The 
denominators of the numbers in the new list will all be the divisors of n. If 
d | n, exactly ó(d) of the numbers in the list will have d as their denominator 
(this is the meaning of lowest terms!). Hence, there are » $(d) terms in the 
d|n 

new list. Because the two lists have the same number of eu we obtain the 
desired result. We continue with a few easy problems. 


Example 7.1. Let r(n) be the number of positive divisors of n. Prove that 
II d= na. 
d|n 


Solution. Due to the fact that, when d runs through all (positive) divisors of 
n, n/d also runs through the set of all (positive) divisors of n, we have 
nT”) 
II?- 1177 55; 
djn d|n d Je d 
d|n 


therefore 


I4] =n", 


d|n 
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and the conclusion ar 
Note that, ifn = bo is the prime factorization of n, then any divisor 


of n has the form p ph. epe , with 8; € {0,1,...,a;} for every 1 € i € k. This 
immediately a the formula (that we already presented) 


T(n) = (a, +1)--- (ok 4- 1), 


and shows that the equality stated by the problem can also be read as 


pa... pP PE = (pf i p^) 


O<A1 S01,...,0S Bi So 


(ay H2): (og 1) 
2 


(the product from the left-hand side is over all possible choices of (f1,..., 8x) € 
{0,1,...,a1} x --- x {0,1,...,a%}). Try to prove it in this form, too! (You 
have to prove that the exponents of each p; in both sides are equal; the problem 
becomes a — not very complicated — counting problem if we put it this way.) 


Example 7.2. For positive integers m and n prove that 
II^ ]I4 
dim din 
implies m — n. 
Solution. By the previous example, we are given that 
m" (m) = nT), 


which immediately yields that m and n have precisely the same prime factors 
in their factorizations. So, let p1,...,py be these factors, and let 


a, b b 
m = py -+- py and n= py ---p,*. 


By comparing the exponents in the above equality we get 


are orn) (+1) +(e +1) 


b bk T(m) (+1) (ap+1) 
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From these equalities we see that we cannot have a; > bı because the equality 
of ratios would imply a; > b; for all 1 < i € k. But then 


(a1 +1)--- (ak 4- 1) > (b1 +1)--- (b +1) 
and we would get 


& 0k T(n) _ (b $1) (bor 1) 
bi bk T(m) (a, +1)--- (ay +1) , 


which is clearly impossible. Similarly, a1 < bı leads to contradiction, so it 
follows that a1 = bı, which implies a; = b; for all i, and, consequently, m = n. 


Example 7.3. Find the sum of all positive integers less than n and relatively 
prime to n. 


Solution. If n > 2, then the sum is nó(n)/2, with $(n) representing the 
number of the positive integers less than n and relatively prime to n. The key 
observation is that if k « n and k is relatively prime to n, then n — k is also 
less than n and relatively prime to n. Consequently, 


k= M (n-k) 


1<k<n,(k,n)=1 1<k<n,(k,n)=1 
=n N 1— 5 k = nọ(n) — > k 
1<k<n,(k,n)=1 1<k<n,(k,n)=1 1<k<n,(k,n)=1 
no(n) 


=> EN 
1<k<n,(k,n)=1 


as we claimed. 


Example 7.4. Let n = pf ---py* be the prime factorization of the positive 
integer n > 2, and let 0 < a1 < +++ < ag(n) < m be all the positive integers 
relatively prime to n that are less than n. Prove that 


1 
ai ada» = g(r) Qn? + (—1)*p1 -- px). 
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Solution. Let A={1,2,...,n} and let A;= {a € A | p; divides a), 1<i<k. 
For a subset M of A we denote 


-5 r. 


zeM 
Then 
3, n(nrl)Ont1) 13, 15,1 
PC ye 6 zu d amu. 


and 


S(Ai) = p? + (2pi)? +--+ + (22) =p; l (2) +5 (2) +3 (8) 


Analogously, 


Lie olfR X tfm 
Sun As) = rl] s (5) «at ) *sG) Vij 
l pai l pipi) 2 \ pip) 6 \ pin; d 


and so on for S(Ai A; N Ap), etc. Using the inclusion-exclusion principle we 
get 


k 
a2 -- a2 +- aS = S(A) - s (Úa :) 
k 3 
ee ;|1fn 1 
-3 Tg quen Yu T +5 
Lf n \’ e ( 
+ =(——] +: +- 
2, (pp) l; A 2 (pip) 6 \ pip; 


1<i<j<k 


orent) et Gta] 


3 
NS 
p 
| 
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Thus we can write a? + a2 4- --- 4 agin) as om? + Bn? + yn, where 


1 1 1 1 
@a=-[1-) —+ =a , 
3 D a ( IESUS 
1 k 
E k 
8-5 ie ip de + (—1)*1 
i—1 i<j 
OIN (N | fk p/k 
OROMO (2). 
1 k 
y= dee pit pipi b (D noo 
i-l i<j 


This means that 
ges ae ee 
3 pı p2 Pn 3 n 


1 (— 


k n 
y= g(t TPA- pa) > (1 — pr) = pe O, 


and combining all these gives us the desired result. 


Example 7.5. Prove Euler’s theorem, namely that a?” — 1 is divisible by n 
for every integer n such that a and n are relatively prime. 


Solution. Let 1 X zi < +++ < gin) < n be the ¢(n) integers which are less 
than n and relatively prime to n. Since a is relatively prime to n, the numbers 
@Z1,...,AXy(m) are also relatively prime to n. Further they represent distinct 
congruence classes modulo n since if az; = ax; (mod n), then n|a(z; — z;) and 
since a is relatively prime to n, this forces n|x; — x; and hence z; = zj. Thus 
the numbers azj,...,@%g(n) are modulo n some reordering of the numbers 
L1,---,£g(m) and in particular 


(azı) ee (az4(n)) = al ™ a4 oe Teln) = Teln) (mod n). 
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Since the z; are all relatively prime to n, we may cancel them off to get 
a9) 2 1 (mod n) or a?(?) — 1 is divisible by n. 

In particular, for a prime p and an integer a which is not divisible by p (that 
is, a and p are relatively prime), we get that a?) — 1 = gP-1 —1 is divisible by 
p. Consequently, a? — a = a(a?—1 — 1) is divisible by p for every integer a — and 
we arrived again to Fermat’s little theorem (see also the chapter Mathematical 
Induction). 

Let us introduce a new function, called Mobius function. This function plays 
an important role in proving some deep results in Number Theory. We begin 
with the notions of arithmetic function and multiplicative function. 
Arithmetic functions are functions defined on the positive integers that are 
complex valued. The arithmetic function f 4 0 is called multiplicative if for 
any relatively prime positive integers m and n, 


f(mn) — f(m)f(n). 


Note that if f is multiplicative, then f(1) — 1. Indeed if a is a positive integer 
for which f(a) Z 0, then f(a) = f(a- 1) = f(a)f(1), and simplifying by f(a) 
yields f(1) = 1. Note also that if f is multiplicative and n = pf" --- pẹ” is the 
prime factorization of the positive integer n, then 


f(n) = f(p) --- f(5;*). 


One reason why we discuss multiplicative functions is that T(n), a(n), $(n) 
are multiplicative functions. 
The fourth arithmetic function we present is the Móbius function defined by 


1 if n=1, 
p(n) =< 0 if p?|n for some prime p > 1, 
(-1)* if np pi, where pı, p2,...,pp are distinct primes. 


For example, (2) = —1, u(6) = 1, (12) = u(2? - 3) = 0. 


Theorem 1. The Móbius function is multiplicative. 

Proof. Let m,n be positive integers such that gcd(m,n) = 1. If p? | m 
for some p > 1, then p? | mn and so u(m) = u(mn) = 0 and we are done. 
Similarly if p? | n we are done. 


166 Chapter 7. Sums and Products in Number Theory 
o Telegram.me:@math_bookS —— | S 


Otherwise, m = pi:--pk, n = q1::: qs, Where pi, ... pi, Q1,---Qp are distinct 
primes. Then u(m) = (—1)*, u(n) = (—1)^, and mn = pi--- puqi + qn. 
It follows that 


p(mn) = (—1)**" = (-1*(-1) = p(m)u(n). 


Another important property of the Mobius function is that the sum of its 
values over all divisors of a given positive integer can be easily evaluated. 


Example 7.6. We have 
_f1 ifn=1 
2 jud) = { 0, ifn>1. 
d|n 
Solution. This is clear for n = 1, when there is only one term in the sum 


(namely u(1)). For n > 1, if p1,..., px are all the distinct prime factors of n, 
we realize after a moment of thinking, that 


Yo aad) - n0) $ up) M; upp) ++ u(pip2 pr) 


d|n 1<i<k 1<i<j<k 


-Q-Q«Q- en 


by the definition of u (the divisors of n that are divisible by some square do 
not contribute to the sum). 
Or, we can consider the summation function defined by 


F(n) = Sala) 
d|n 


and prove that it is multiplicative (see Theorem 2 below). Because 


F (p^) = w(1) + p(p) +: +u (p*) =1-1=0 


for every prime number p and any positive integer a, we immediately get 
F(n) = 0 for n > 2, based on the multiplicative property of F. Of course, 
F (1) = 1 follows immediately. 

By using this result we can immediately solve the following exercise. 
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Example 7.7. For any real number x > 1 we have 


$a [f= 
k=1 


Solution. This is not actually an infinite sum, as all floors are 0 for k > zx. 
We have 


> ol HEDOI 


1<k<z 1<j<a/k 


We changed the order of summation by putting together, for every 1 < n < a, 
all terms for which jk = n, then we used (as we showed in the previous 


example) 
1, n=l 
Ya -lg zi 
k|n : 


Not only for the Möbius function, but for any arithmetic function f we can 
consider its summation function F defined by 


F(n) = M f(d). 


d|n 


One connection between f and F is given by the following result. 


Theorem 2. If f is multiplicative, then so is its summation function F. 
Proof. Let m and n be positive relatively prime integers and let d be a divisor 
of mn. Then d can be uniquely represented as d = kh, where k | m and A | n. 
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S 


Because gcd(m, n) = 1, we have gcd(k, h) = 1, so f(kh) = f(k)f(h). Hence 
F(mn) = >J fd = $ f(f() 


d|mn k|m,h|n 
- [E T) (zo) 
k|m hjn 
= F(m)F(n), 


and we are done. 
Note that if f is a multiplicative function and n = pf - -- ph", then 


k 


F(n) = Fo?) FOP) FG") = [TQ f) + £92) ++ Fo). 


i=1 


The last formula is pretty useful (although almost evident) and helps to solve 
many problems related to the Möbius function, for instance: 


Example 7.8. If f is a multiplicative function and n = p^ --- pẹ”, then 


SUASA) = ( F) = f(p2) + (A= f(3)) 


d|n 


Solution. Consider the function 


G(n) = Y, u(a)f(4), 


dn 
which is multiplicative. Using the above result we get 
G(n) = G(p?) --- G(p;*), 


where 


G(pj*) = $  u(d)f(d) = uQ)f Q1) - Ulp) f (p:i) = 1— FP), 


d|p; 


and the conclusion follows. 
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Example 7.9. Let n = př ---pz*. Prove that 
So u(d)o(d) = (^ pipa px. 
d|n 


Solution. Using the previous example, we get 


dou) F(a) = (1 — f())( - f(2)) (1 — Fx): 


d|n 


Let us take f(n) = o(n) = ps d. Then this formula becomes 
d|n 


X u(d) f(a) = (1 — (pı + 1))(1 — (p2 1)) -+ (1 — (pn + 1)) 
d|n 
= (71) pipa +++ Pr. 


We also have another beautiful result related to the Mobius function it is the 
Mobius inversion formula. 


Theorem 3. (Möbius inversion formula) Let f be a multiplicative function. 
Then " 
f(n) = > ular (5). 
d|n 
Proof. We have 


uF (4) - Mu) » D => » ano) 


d|n d|n clF d|n 


-E[zee ) - Eso (me ) 


cjn ein 


Since for n/c » 1 we have bD u(d) = 0. The only nonzero term in this last 
d|% 
sum is the c = n term which is equal to f(n). 
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To complete our journey we present the last theorem that connects a function 
with its summation function: 


Theorem 4. Let f be an arithmetic function and let F be its summation 
function. If F is multiplicative, then so is f. 

Proof. Let m,n be positive integers such that gcd(m, n) — 1 and let d be a 
divisor of mn. Then d = kh, where k | m, h | n, and ged(k,h) = 1. Applying 
the Móbius formula it follows 


(mn) = Soule (23) = E enr (2) 


d|mn k|m,h|n 
- Y uone (2) (2) 
k|m,h|n 


z (Zor 9) (Zor ©) = f(m) f(n). 


We also encourage the reader to redevelop some properties of the functions 
T(n), a(n), $(n) by using the general results we proved above. The following 
problem is an example of how we can deal with such type of problems. 


Example 7.10. For any positive integer n prove that 
So r(d)u (5) zu 
d 
dn 


Solution. Consider the function F(n) which is the summation function for 


f(n) = 1, we have 
F(n) 2 9 f(d) = 5 12 (n). 


d|n d|n 
Writing the Möbius inversion formula for f(n) we get 
n 
1= f(n) = do ride (5). 
d|n 


As you can see the problems are not so hard, but you need to get used to them 
and the best way to do that is to practice, to solve a number of problems on 
this topic. 
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Chapter 8 


Problems 


1 Easy Problems 


El. 


E2. 


E3. 


E4. 


E5. 


Evaluate 
(6! + 5!)(5! + 4!)(4! + 3!) (3! + 2!) (2! + 1!) 
(6! — 5!)(5! — 4^ (4! — 3!) (3! — 2!)(2! — 11) 
Prove that 
1-n+2-(n—1)+3-(n—2)4+---+(n—-1)-24n-1= BM 


Find a general formula for the sum 


14+1141114.---4+]11...11. 
n digits 
Evaluate the product 
T 4k? — 3k +1 
Ak3 — 3k — 1` 
k=2 


For a fixed positive integer n let ag = pot uae k, k = 0,1,...,n. 


Prove that 
7 


ai a9. 


(a1 — ag) ::: (an — an1) = 


172 


E6. 


E7. 


E8. 


E9. 


E10. 


E11. 


E12. 


Chapter 8. Problems 


Prove that for all positive integers n 


k=1 
Evaluate 
` k+1 
£— (k — Ul +k + (k +1)! : 
Evaluate 
n 
1 k+1 
II (s tk x) 
k=1 
Evaluate 
3n? +1 
35138 
im (n3 — n) 
Evaluate 
n 
Y RIP + 1). 
k=1 


Consider n arithmetic progressions with the same common difference d 
and having their first terms 1, 2,3,...,n. If S(n, k) is the sum of the first 
n terms of the arithmetic progression that has its first term k, prove that 


S(n, 1) + S(n,2) + S(n,3) +---+ S(n,n) = ru (n — 1)(d 4 1)). 


Let a1,02,...,04 be an arithmetic progression with a, Æ 0 for all 1 < 
k <n. Prove that 


n—1 
EL: 


hal GkQk--1 0105 
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E13. Let aj,a2,...,a4 be an arithmetic progression with positive terms. 
Prove that 
1 1 1 n—1 


————Á— C ————— P —— C —P 
Vai + 4/2 vaz + /aa V/àn—1 + yan Jay + yan 
E14. Prove the inequality 


1 1 1 
—— P ee. AA, 
VA V3 V54+v7 /9997 + 4/9999 


E15. Evaluate 


1 
n k2 Ea 
2 
—1 K4 Er 
k=1 kt + 1 
E16. Prove that 
9999 1 


i EVER) (RR ves) 


E17. Find the closed form 


Vacca uda +4/1+ Sr e 
122 27g 19992 ' 20007 


E18. Evaluate the sum 


7 1 
3 vk + vV4k?—1 


2 2 
| 1 1 
E19. Let a, =4/1 + (1+3) + 1+ (1-2) , n > 1. Prove that 
n 


1 1 1 


is a positive integer. 
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E20. Prove that 


n 


y» 


k=0 


E21. Evaluate 


E22. Prove that 


E23. Evaluate 


2008V _ 9 2008 
3 4 


1 2” 


(n—k)! nl 


ee a 


Chapter 8. Problems 


2008 
6 


++++— 2004 ea + 2005 ee : 


E24. Evaluate the sum 


k=1 


E25. 
for all n > 3). Evaluate 


2006 


6* 


(3* m 2k) (3k+1 = 2k+1) ` 


F, 


oo 
y» : 

Fi — Fi ! 
k—2 k—-1f k+1 


E26. Prove that for all n > 3, 


= + 
9 


n—1 


II 


k=2 


R+k+1\ 1 
(k — 1)? 


Pi 32n-1 


2007 


Let F, be the nt? Fibonacci number (Fy = Fy = 1, and Fn = Fi 14 F4-2 
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E27. Let i denote the imaginary unit. Evaluate 


n 


Il 1+i+k(k+1) 

Pi 1-i+k(k4+1) 

E28. Prove that the identity 
(at+ytz)?—(2°+y°+2°) = 5(a+y)(2+z)(yt+z) (a7 +y?+27+ay+22+yz) 
holds for any numbers z, y, and z. 


E29. Evaluate the following sum for every positive integer n 


T 2n (n — 1)r 
mum ME. HM 


E30. Evaluate 
E31. Evaluate 


E32. Prove that 


y» M LUE = 2n 
— 12-22 4 32... 4 (-1)*t1k? nl 
E33. If ri,72,..., r4 and ti, te,...,t, are real numbers, prove that 
n n 
5 inn cos(t, — tj) > 0. 
k=1 l=1 


E34. Prove that 


(v3 + tan i (v3 + tan 2°) ee (v3 + tan 29°) = 279. 


E35. Evaluate 
(1 — cot 1°)(1 — cot 2?) -- - (1 — cot 44°). 
E36. Prove that 
i= cos 61° 1- cos 62° 1- cos119°\ — 
cos 1? cos 2? cos59° J} . 
E37. Prove that for every integer n > 1, 


E38. 


E39. 


E40. 


Chapter 8. Problems 


cos id cos z cos d 
2n—-1' ^ 2^n-] 2n—1 2" 
Let n be a given positive integer and let 
ay = 2008 = p^-01..,n-1. 
Prove that i 
a 
=| n—i 
I[G-0- m 
k=0 9 
The sequence {£n }n>1 is defined by 
r= 2 Tk+1 = T2 + Tk. 
Find the greatest integer less than 
1 1 1 


+ A ET 
z1-c-1 z2+1 z100 + 1 


Solve the problem left unsolved in the Introduction. Namely, if n is 
any given positive integer and f is defined by f(x) = x — H show by 


telescoping that 


Y | em 


k=0 


where fÀ is the kth iterate of f (that is, f = fof o... 


o f with k 


appearances of f; we also consider fP] to be the identity function that 


maps z to x, for every x). 
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2 Medium Problems 


Mi. 


M2. 


M3. 


M4. 


M6. 


M7. 


For each positive integer k, let f(k) = 4* + 6* + 9%. Prove that for all 
nonnegative integers m and n, f(2™) divides f(2”) whenever m is less 
than or equal to n. 


Evaluate 

1? +2 +3? — 4? — 8? +6? +7 +8? — 9? — 10? e... — 2010”, 
where each three consecutive 4- signs are followed by two — signs. 
Prove that 


1 — ng” -q^ 
1+2¢+3q?+---+ng" = l i 


Dag. "(Lmg 
for every g# 1. 


Evaluate 


Y : 
44 [2 : 
=k +k*+1 


. Evaluate the sum 


: + Z + 2 ++ 25 
3+1 3241 3441 327 4.10 


Let f, = 27 +1, n = 1,2,3,... Prove that 


for all positive integers n. 


Let an = 3n + Vn? — 1 and bn = 2(Vn? — n + Vn? -n),n2 1. 


Prove that 


Va, — b1 + az — bo +--- + V'asg — bag = A+ BV2, 


for some integers A and B. 
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M8. 


M9. 


M10. 


M11. 


M12. 


M13. 


Chapter 8. Problems 


Let m < n be positive integers. Prove the double inequality 


1 1 1 1 
2(vn +1- Vm) < — aE A a 
< 2(yn-— m — 1) 
Let 
1 


Prove that 4/a1 + J/a2 + --- + /a119 is an integer. 
Prove that there is no positive integer n for which 
n 
[++ 
k=1 
is a perfect square. 


Let Fn be the nth Fibonacci number. Prove that 


n 
[F + Fk44) — Fonti. 
k=0 


Let z be a real number in the interval (—1, 1). Evaluate 


a k k+1 
I[a-2 Br 


k=0 


Let F, be the nt? Fibonacci number. Evaluate 


PUR ; Fk- TN 
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M14. 


M15. 


M16. 


M17. 


M18. 


M19. 


Let n be a nonnegative integer. Prove that 
n 2 
2n — 1 
ze) 
k=1 B 
Let n be an odd integer greater than or equal to 5. Prove that 


(-««rQ- emm 


is not a prime number. 


Prove that for any positive integer n the number 


2 1 2 1 2 1 
Qn = n+ 22n y, n+ gens steak n+ 3^ 
0 2 2n 


is the sum of two consecutive perfect squares. 


Du i a. 
Let n be a positive integer and a be a real number, such that z is an 
irrational number. Evaluate 


1 1 1 
cosa —cos3a  cosa—cos5a ` cosa — cos(2n 4-1)a. 
Prove that 
1 1 1 1 


sind5^sin46* ' sindT^sin48^ ^ ^" sinl33^sinld49 smie 


dei ST 
Prove that for every positive integer n and for every real number x # p 
(t = 0,1,2,...,n,s an integer), 


m 


1 
SEE = cot x — cot 2” z. 
i sin 2° a 
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M20. Show that 


sing  sin2x sinnz A cos(n + 1)x 
roe = cot rt — — 
cosr  cos?r cos” x sin z cos” g ' 


T , f 
for all z Æ $5 where s is an integer. 


M21. For each positive integer number n prove that 


OS xm. + cos en + + cos AUT : 
[e eee — č 
2n +1 2n +1 2n +1 2 


M22. Let ¢ #1 be a complex number with (?? = 1. Evaluate 
Y 1 
k 2k' 
mam Io ue 
M23. Prove that 
1 2 n—1 
le) [e d-— [Rm pH) LL prm. 
n n n 


for all z € R and any positive integer n. 


M24. Prove that for every positive integer n 


n 4- 29 n 4- 21 n 4-22 
eg ep tpe 


M25. Evaluate 


where x is a real number. 


M26. Let xz, y, and z be integers such that xy + zz + yz = 0. Prove that 
(x +y +z)? divides 2° + y? + 2°. 
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M27. 


M28. 


M29. 


M30. 


M31. 


M32. 


Let p be an odd prime. Prove that 


Ro kP 
ee ey Dae (mod p). 


k=1 P 2 


Prove that for each positive integer n > 2 the following inequality holds 
c(n)é(n) <n’, 


where $(n) is the number of integers that are less than n and are relati- 
vely prime with n, and o (n) is the sum of the positive divisors of n. 


Let m and n be positive integers with m even and at least equal to 4. 
Prove that 

m 

S (A 

k=0 


is not a prime number. 


Let p be a prime such that p = 1 (mod 3) and let q = |2p/3]. If 
E NE PUE IE 
1-2 3-4 (q—1)g n 


for some integers m and n, prove that p | m. 

Prove that for different choices of the signs + and — the expression 
+1424---+(4n +1) 

yields all odd positive integers less than or equal to (2n + 1)(4n + 1). 

Let n be a positive integer. Prove that all binomial coefficients [5 with 


0 € k € n are odd if and only if n = 2” — 1 for some nonnegative integer 
m. 
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M33. 


M34A. 


M35. 


M36. 


M37. 


M38. 


M39. 


For each positive integer n define 


nes (n+ 1)(n + 2)--- (n + 2010) 
na 2010! 
Prove that there are infinitely many n such that a, is an integer with 
no prime factors less than 2010. 


The numbers a1,05,...,a4 > 0 and bı > bp > --- > b, > 0 satisfy 
ay = by, a, + aq È by + 09,..., a1 +a2 bas = bi + bg +: + bn. 
Prove that for every positive integer j, 


o] a ol > +bh+--- +0). 


Evaluate 
oo oo 
Yr 
k=1 l=k ` 
Evaluate 
ye 
EEE (i+j+1)! 
Prove the inequality 
oo 
b» 1 « 2 
£x (e+ De 


Remember the identity from the Example 3.5 and use it to prove that 
Sir 
= k? 6 
Evaluate 
c 1 


@) mimic 
k=1 


Ope = a 
zu gl ace 
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M40. Let T be the set of all triples (a, b, c) of positive integers such that a, b,c 
are the lengths of the sides of some triangle. Evaluate 


ae 
brc 
(a,b,c) eT 35 
M41. Prove that the inequality 
n—1l n—i n—i 
(2) it (2) PERR (=) spa tOn ob 2 
a2 a3 Q1 4/0102 *** Qm 


holds for any positive real numbers a1,a2,..., 05. 
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3 Hard Problems 


H1. Find all positive integers n for which 


N- (vei) (2+1) es (sti) 
is the square of a rational number. 
H2. Let ap > 2 and a441 = a2 — an + 1, n > 0. Prove that 
log, (an — 1) loga; (an — 1)-- logs, - (An -1)> 
for all n > 1. 


H3. Let a be a real number greater than 1. Evaluate 


[a 
k=1 a — a +1 


H4. For a nonnegative integer k, define S,(n) = 1* + 2% +... +n". 


Prove that 
D "i ) se n) =(n+1)’. 


H5. Find all positive integers n such that 


m 


n= J [la +1), 


i=0 
where amām—] ...đãọ is the decimal representation of n. 


H6. Let 
k 


(k —1)8 -k$ + (k--1)9. 
Prove that aj + a2 + --- + a999 < 50. 


ük — 
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H7. 


H8. 


H9. 


H10. 


H11. 


H12. 


For a fixed positive integer a define the sequence 


an = I ahy) + (3) | , "Wo. 


Prove that 
4— ün—1ün+1 Ba 
Evaluate 
oo 
1 a 
> 9k tan 9k? 
k=1 


where a # sr, with s any integer. 


Let n be a positive integer. Prove that 


k=0 


Let m and n be integers greater than 1. Prove that 


1 
kilka! -k 
kia mda ecd re 


Let X be a set with n elements. Prove that 


$3 Yazn 47. 
Y,ZCX 


The sum is over all possible pairs (Y, Z) of subsets of X. 


Evaluate the sum 
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n—1 2 
—1 1 2 2 

lI (2 sin? W= +2sin? eee — sin? =) = (1 — cos” =) ; 
n n n n 


2 
z COS (inca ed nhs) =) =0. 
n! n 
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H13. Prove that 


E ; ME : G + 2cos (=>) 
x (5 ae » - iS 


for any nonnegative integers m and n. 


H14. Prove that 


H15. Let n be a positive integer. Prove the combinatorial identity 


EO 


H16. Let n be a positive integer. Prove that 


= = ( Jij ei 


k=1 


H17. Let (Fn)n>0 be the Fibonacci sequence defined by 


Fo =0, Fy = 1 and Frye = Fn41 + Fn for n> 0. 


> Ge m 


k>0 


Prove that 


Obviously, the sum lasts as long as the binomial coefficient is not 0 (that 
is, as long as n — k > k). 


H18. Evaluate 
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H19. 


H20. 


H21. 


H22. 


H23. 


H24. 


Partition the set of positive integers into n > 1 arithmetic progres- 


sions with first terms a1, a2, ..., an and common differences d1, do, .. . , dn 
respectively. Prove that 


yan 
e dk 2 


Let a1 < ag € --- € an and b1,b2,...,bn be positive real numbers such 
that 


ai +az+:::+ak > bi +b94+---4+ dy for alll <k <n. 
Prove that aiaz: -an 2 0109. - bn. 


Prove that Carleman's inequality, that is, 


oo oo 
Y Vana; ay S ey a 
k=1 k=1 


holds for every positive real numbers aj, a2,.... 


Prove that 
oe n(4n2 — 3n +5) 
Y [va] = Maan. 
k=1 6 
Let p and q be relatively prime odd natural numbers. Prove that 


=l 
2 


EES 


Let p be an odd prime. Prove that 


S Eeee 


k=1 P 4 
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H25. 


H26. 


H27. 


H28. 


H29. 


H30. 


Chapter 8. Problems 


Let p be an odd prime and let f : Z} — R be a function such that 


(i) f AS) is not an integer for k =1,2,...,p—1; 
(ii) p + f(p — k) is an integer divisible by p, for k = 1,2,...,p— 1. 
Prove that i ] 
p— p— 
P 1 y P 
DEL EA 
k=1 | P P 


If p > 3 is a prime number and z, y, and z are integers such that 
z-Fy-z and zy-- zz 4 yz are both divisible by p, then x? + yP + z? and 
zPyP + zPz? + y?z? are divisible by p?. 


Let p be an odd prime and let 


1 1 1 
$5594 $97 ' a DG L2) 
— 1 
where q — 2. Assume that — — 29, = zd for some integers m 


and n. Prove that m = n(mod p). 


Let n be a positive integer, and let 2" be the highest power of 2 dividing 
n. Prove that 2?" is the highest power of 2 dividing the numerator of 
1 1 


jq dors + 
3 5 2n —1 


when the sum is represented as a fraction in its lowest terms. 


Let n > 2 bea positive integer, with divisors 1 = dj < d2 < ...« dk =N. 
Prove that dd» 4-dad34-- --+d,_1d, is always less than n?, and determine 
when it is a divisor of n?. 


Prove that 


s 


u(d) 6 
E 
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H31. Prove that 


M o(d)u (2) =n. 


d|n 


H32. Prove that 


Il de® = 


d|n 


, if nis not a power of a prime 


, if n=p*, with p prime. 


Ie 


H33. Let an be a sequence of integers that satisfies 


So ag = 2" for all n > 1. 
dn 


Prove that n | an for all n > 1. 


H34. Prove that 


H35. Let p be a positive prime, and let r be a positive integer. Consider the 
positive integers n and m such that n > m > p” —p’—' and the integers 
@1,-.-,@n. For any 0 < j < n denote by s; and t; the number of sums 
of the form aj, + --- c ai, with 1 < i1 < +++ < ij < n which are, and, 
respectively, which are not divisible by p (thus sp = 1, tg = 0). Prove 


that 
m n-m+j 
S= eal : Je =0 (mod p) 
= j 
j 
and 


H36. Evaluate 
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H37. Let a be a real number. Define the sequence (£n)n>1 recursively by 


H38. 


H39. 


H40. 


H41. 


H42. 


Prove that 


Evaluate 


Prove that 


Evaluate 


Let a1, a2, 


Prove that 


Let Ti;.- 


zı = l and z444 = a" + nz, for n 2 1. 


...,0100 be nonnegative real numbers such that 


dj + a5 +--+ + aio = 1. 


dias alae aude s 
142 a243 Qi0021 S 3 P 
, £100 be nonnegative real numbers such that 


Ti + Ti+1 + Ti+2 < 1 for all i = 1,...,100 


(set 101 = 21,2102 = £2). Find the maximal possible value of the sum 


100 
S= ` T42442- 
i=1 
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H43. Prove that for any real numbers 21, £2,..., £n and any nonnegative real 
numbers 7r1,72,...,T; the inequality 
n 
5 min(ri,r;)vir; > 0 
$j-1 


holds. (The sum is over all pairs (i,j) with 1 < i < n and 1 < j € n.) 


H44. Let a4,51,a2,02,..., An, bn be nonnegative real numbers. Prove that 


n n 
5 min(aja;, bibj) < b min(a;b;, a;b;). 
$j—l ij=1 
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Chapter 9 


Solutions 


1 Solutions to Easy Problems 


E1. Evaluate 


E2. 


(6! + 5!) (5! + 4) (41 + 3!) (3! + 2!) (2! + 1!) 

(6! — 5!)(5! — 4!) (4! — 3!) (3! — 20) (2! — 1!) 
Solution. We have 

(6! + 5!) (5! + AP) (41 + 3!) (3! + 2!) (2! + 1!) 

(6! — 5!) (5! — 4!) (4! — 3) (3! — 20 (2! — 1!) 

| (7-50(6-40(5-3)9(4-20(3-1) — 

~ (5.5)(4-4)(3-3)(2.20(.1) ^" 
after simplifying. We used the formulae 

(k+1)!+k!=(k+2)-k! or (k--1) — kh — k- kl. 

Prove that 


1-n+2-(n—1)4+3-(n—2)4+---+(n—1)-24+n-1= =— DUEEN 


Solution. Indeed, we have 


Raa) se) tei eA en MESE 
k=1 
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2_ jute +1) n(n+1)(Qn+4+1) 
- (n4 1) p» k— » k E MEM EE EE 
| n(n iy n(n + 1)(n + 2) 
|| 6 6 
according to the well-known formulae for the sum of the first n positive 
integers and the sum of their squares. 


(8n+3-—2n-1)= 


E3. Find a general formula for the sum 


1+11+111+---+11...11. 


n digits 
Solution. We have 
n n 
10F—1 10 ki n 
1+11+111+---+]11...1)= 55 * =7 2 0 E 
n digits k=1 k=1 
_ 10 10"—1 nm 
ET 9 9 


We used the well-known formula for the sum of a geometric progression: 


n n—1 f 
Y4s-Ye- 
k=1 j=0 
for all q Z 1. 
E4. Evaluate the product 
Ins-scts 4k? — 3k +1 
4k3 — 3k — 1. 


Solution. It is easy to factor 


4k’ — 3k +1 = (k + 1) (2k - 1)? 


1 


E5. 


Telegram.me:@math_books 


and 
4k? — 3k — 1 = (k — 1)(2k +1)’. 


Thus the product that we want to calculate becomes 
jo DIG 
3 3k—1] T 
ig 4k 3k- 1 ay k—1 mr 2k 41 
2 
ae Galt uj 
cis k—1 cg 2k +1 
n(n + 1) 3 m 9n(n + 1) 
~ 2(2n +1)? 


since both products telescope. 


For a fixed positive integer n let a, = 227 4 k,k=0,1,...,n 
Prove that " 
(a1 — ao) +++ (an — a4 1) = ERU 


Solution. Here we use 
(a? -- a -- 1)(a? — a -- 1) = (a? - 1? — à? = a* -- à? +1, 
more precisely we use it in the form 


4 2 

2 a c-a +1 
— l = ——. 

R ee egy 


This allows telescoping products like 


Gade ae yaa ar up) 


atta2+1 atati at paT tl | a" +0 
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~ @+atl attal a ta tl at+atl — 
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In our case 
n n 2kt1l n gk-n 
k—n k—1—n 2 + 2 + 1 
Qk — Qk—1) = 22 22 +1)= — 
et k k 1) I ) I 92k-n + 92k-1-n +1 


gamin a 92^n7^ + 1 7 7 7 


~ gH" pomi |i 9a oe" a tag 


E6. Prove that for all positive integers n 
n 
k 
J —— <1 
! 
= (k+1)! 
Solution. We have, indeed, 


Xem wu) 
->(a- anu) 


k=1 
1 
-1- 


(n xp So 


E7. Evaluate 


5 k+1 
A (k— DE Ko (kI) 


Solution. We have 
(k — 1)! 4- k! -- (k 4-1)! 2 (k — 1)!(14- k 4- k(k 4-1)) 2 (k— 1)!(k + 1j 
hence 


Sa kl -Y gne 
(k-th + (R+ 0)! oS EoD 


as we have seen in the previous problem. 
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ES. Evaluate 

MEE (i k+1 au) 
ae (2k +1)? 
Solution. Because 


1 k+1 4h? +12k+9 1 (2h+3)? 1 (2(k+1)+1)}? 
(2k--1? 8(2k + 1)? 8 (2k-1? 8 (2k4+1)? ’ 


the product telescopes, as expected: 
IL (5+ k+1 \_ slo (2k+3)? _ (2n +3)? 
c3 * Gk 1g i (2k +1) 8n.9 ` 


E9. Evaluate 


Solution. Notice that 


2(3n? +1) = (n +1)? — (n- 1)? and nè? -n =n(n-1)(n+1), 


therefore 
N 303241 299 +1) _1 Š 1 1 
Sa as Low (n3 — n)’ aac dern) 


1 1 


i5 2 ((N+1)N)3’ 


for any positive integer N > 2. Consequently, 


55 OU E uc auo ed 1 1 
(n -n ^ Nae 16 2 ((N+1)N)3) 16 
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E10. Evaluate n 
XO NE? +1). 
k=1 


Solution. We have 
n 


XO i(k? +1) i ((k +1)? — 2(k +1) + 2) 


k=1 k=1 
= M ((k+ 1)!(k + 1) — 2(k + 1)! + 2k!) 
k=1 
- (62) - (4-1) 3-2 (k +1)! — k!) 
k=1 k=1 
= (n 4- 2)! — 2! — 2((n 4- 1)! — 1!) 

= (n - 2)! — 2(n 4- 1)! 2 n(n 4- I). 
We used 


(k 4- 1)(k + 1) = (k + 1) ((k 4-2) — 1) = (k + 2)! — (k + 1). 


E11. Consider n arithmetic progressions with the same common difference d 
and having their first terms 1,2,3,...,n. If S(n,k) is the sum of the 
first n terms of the arithmetic progression that has its first term k, prove 
that 


S(n,1) + S(n, 2) + S(n,3) +--+ S(n,n) = 2 da (n — 1)(d 4 1)). 


Solution. Indeed, we have that 


Scb n(2k + (n — 1)d) 


2 , 
for each 1 € k < n, therefore 
n n n 
E mn -Di n(n — 1) 
3556.8 - Y (n k + —; =n) k+n > d 
k=1 k=1 k=1 
o n(n+1) 2 EJ — 1) 


n2 
; ed = 7 (2+ (n- 1)(d+1)). 
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E12. Let a1,a2,...,04 be an arithmetic progression with ay #0 for all 1 < 
k <n. Prove that 
n-1 
|. n-1 
= irum alan 


Solution. Let d be the common difference of the progression, that is, 
d = a2 — a1 = (55 = An — Qn—1; 


and, more general, aj — a; = (j — i)d for all i, j € {1,...,n}. 


The key observation (for telescoping) is that 


1 m. d 1 Qk--1 — Qk Te 1 ) 
G&Ok41 d akük+1 d akak}  d\ak api] 
Therefore 
S a-iE(--)-i(-1) 
fa CkGk+1 dí \ ak Oki dXài Qn 
1 a4—-a4 n-i 
"d ün a4. 
as desired. 


Many sums of this type are encountered; for instance, 


I NEN 
reefs (eee &\k CES ow n’ 


Or 
£ (6k = 1)( GEES = 6“ Ok-1 6k+5 


WE Caran RPM C E 
6 \5 TEN ~ B(6n— 1) 
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This also allows the computation of the corresponding infinite series. 
Thus 


and, similarly 
co n-1 1 
ETE S SS MERE RR 
D dim, e IFF) 


— üm du... vd 
~ n299645  6n—1J) 30 


Notice that a converse is also true. Namely, if, for the nonzero real 


numbers @1,...,@n, we have 
j—1 | 
aka 010; 
k=l k kl — 14; 


for all 2 € j € n, then aj,...,@, form an arithmetic progression. Indeed, 
by subtracting the above equation from the similar one obtained by 
replacing j to 7 + 1, that is from 


, 
aka 010; 
k=] 4kUkH1l 1854-1 


we obtain : ; 
1 j j-1 


Qj0541 0105341 aja; i 
After clearing the denominators and rearranging a bit, we get 
(j — 1)(aj41 — aj) = aj - a 


for 2 < j < n— 1. For example, when j = 2, this gives a3 — ag = ag — a). 
We denote d = a3 — a2 = ag — a, and see that aj = a, + (k — 1)d is true 
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for k € (1,2,3). Assuming this to be true for k — j, we get (from the 
above equality) 


(j — 1)(aj41 — aj) = (j — 1)d = aj41 = aj + d = aj+ı = a1 + jd, 


thus ay = a; + (k — 1)d is shown to be true for all k € n, by induction 
— which is what we intended to prove. 


E13. Let a1, a2,...,Qn be an arithmetic progression with positive terms. Prove 
that 


1 1 1 n—1 
— M — ATA M REL ee MIMS NEN 
Vaid a2 /a2+ /a3 an-ı tyan yai T yan 


Solution. Let d be the common difference of the progression, so that 
ak+ı— ak 2 dfor1 X k € n — 1. 
'Then 


* Vari ~ va MEE 2E va a 
S m qun Duce Ok41 — Ak =a2u( eH — vag) 


Lm op RA n pmo vé 

c ) (n — 1)d zi 1) An — 01 
n—1 

Vit Vas 


Prove in an analogous manner that 


Y 


1 n—l1 


i-i 2 ya + yore + oh, Veit Vance Va 


E14. Prove the inequality 


1 1 1 
—— Oe eee Oe NM MEE ET 
VA V3 V54+v7 /9997 + /9999 
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Solution. We proceed as in the previous problem in order to get 


5000 2o E 
Laar 2 


= 5 (i001 “as T 


the inequality being equivalent to /10001 > 100 = 10001 > 10000. 
Now, for the sum from the statement of the problem we have 
2500 2500 


1 
eT ad 


q 50% 


1 1 
(gs +V4j-1  V4j—1 gm) 


9 
E 2 m STS ERT? 7? 
as desired. 
E15. Evaluate i 
n k?— 3 
k=1 k* + a 


1 1 
k* -E- 2 m 2 s 
; gk i) (i eg) 
1 
NAE 
k2 TE piki 
1 1 
E Kus E (k+1)-3 


Baits (k+1?-(k+1) +5 
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consequently 
"EM 
2 i= ae lr ; I 
a k=1 B -kts (k c1? -(k+1)+5 
1 1 
1-- 1--c 
CM nei en 
1 
Patis (n+1)?—-(nt+1) +5 
1 
athe ng E n? 


E16. Prove that 
9999 


>: (ix EA) (Vix EF) 


Solution. Indeed, we have 


(va+ vb) (Ya+ Vo) (Ya- $9) = (va + v^) (va-vb) =a 


for nonnegative a and b, thus 


(Ve+1+ Vk) (V1 e Wk) (Ye+1- Ve) =1 


for k > 0, and 
9999 1 9999 
cx peg 


cat (Ve+ VE+1) (k+ VET) a 
= 4/10000 — 1 = 9. 
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E17. 


E18. 
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Find the closed form 


boe uu | eer ie Edo eue ie 
3 2'g 19992 ` 20002" 


Solution. Here we must observe that 


guck ee kt +2k? + 3k? +2k+1  (k?+k+1)? 
k? (k+12 | k?(k + 1)? ~ K*(k4 1) 
1 2 
a(n) 
Consequently, 
1999 1999 1999 
1 1 1 1 1 
jeep e jq Je E 
D1 +a+ Grip > +r) 2 (1+; 231 
k=1 k=1 k=1 
1 3999999 
TOURISM ^ -2000-— 


Evaluate the sum p 


1 
2. V2k + V4k2 — 1 


Solution. Knowing the formulas 


Josep ax ve by = 


for de-nesting nested radicals of order 2 can be very helpful here. 

(Of course these formulas work for nonnegative a and b such that a2—b>0 
and they indeed de-nest the radicals only if a? — b is a square.) 

For a = 2k and b = 4k? — 1 (and with a plus sign) we find 


V2k4 Va 1e ft A 
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and reveal the sum to be an old friend: 


Las eue 
= 2 > (vari - vai 


2 
= Vim? 1-1). 
E19. Let an = 4/1 + (ii «uit (i-i) ,n 2 1. Prove that 
a - ii = 
is a positive integer. 
Solution. We have 
LM k _ V2k? --2k - 1— V2k? — 2k - 1 
ak V2k2+2k+14+V2k2 — 2k - 1 4 
therefore 
20 1 1 
Si == pee - ak? —2k +1) 
ey Ok 4 


a positive NA 
E20. Prove that 
on 
X SEE 2 — k)! — nl 


206 Chapter 9. Solutions 


Telegram.me:@math_books 


Solution. This is more like a joke: after multiplying by n!, the identity 
to prove reads 


that is, 


which follows instantly from the binomial theorem. 


E21. Evaluate 


joco Wes eb 
Solution 1. We have 
1 [n 1 n! 1 (n 4- 1)! 
mil) " k*1 k(n-k! ntl (k-1)K(n- Kk) 
1 n+1 
“n+l G + D 
therefore 


i ndo ny sse afd DOS (nel 
rose MP j ) 


by the fundamental formula, again. Indeed, we have 
n+1 

ja \ J ? 

Solution 2. Now we integrate the formula 


3 oa - (14-2)^ 


k=0 
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with respect to z, on the interval [0, t]. We get 


[ (>: (97) dx = [a + x)"dx 


A nN tht 1 n 
A aaa E 


Again we arrive at a more general formula than the one that we need to 
prove, which can be obtained by specializing to t = 1. 


E22. Prove that 


Es o) Pen) 


Solution. By the recurrence formula of the binomial coefficients, that 


Oa) =O) + G2) #G)= 05) - G2) 


we have 
x (ame earn) 
x00 802009) 
_ (r+ J 


Note that, when used for j = m, the recurrence formula is usually written 


oe ae 


rather than 
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(the last binomial coefficient is considered to be 0). Also note that we 
can also put the formula in the form 


cues peces) 
+ + Tec = . 
n-m n-m n-m n-—m n—m-41 
(due to the formula (3) = (, id A and, if we denote p = n — m, it 
becomes 


Ce Cy eG) =) ee 


We have here basically the same identity, but in a different form, that 
often appears in the literature. After multiplying by p!, we can also 
express this as 


= (n 1n--(n-ptl) 


2,10-0-6-2*0 EE) 


This last identity (which we met in the first chapter) can be proved by 
telescoping with 


jG-2-«G-5*0 = G+ DIG - DG - p) 


23 -1)559-pT2-»). 


2008 2008 2008 2008 
( 3 )-« 4 ) +3( 5 )-«( 6 ) 
2008 2008 
ee 2004 ( 08) + 2005 (or): 


Evaluate 


Solution. The two already discussed formulae 


bor)» e onl 


k=0 


1. 


E24. 
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which hold for n > 2 imply 


Ste - 3) (5) - cos @ 3 2322 a =0. 
We can rewrite this as 
-2(3) + (i) SE -2) (i) 4 (-1)^(n - 2) @ =0, 


and we deduce from this one that, when n > 4, 


n—1l 
Y C2)*- 2) (S = —2 +n + (-1)*(n - 2) = (n - 2)(1 + (-1)?). 
k=3 


For n = 2008 we get 


2007 x 
M (-1)*"1(k — 2) 8 = 4012, 
k=3 

and this is the sum we are asked for. 


Evaluate the sum ot 


Solution. We have 
= 6* 6* 
ak — 2k) (3k+1 e 2k+1) noo wá (3* E 2k) (3k+1 = Qk+1) 


ca | 
. T, 9k 9k+1 
nd. 2x discas 9k NEUES M x) 


9ntl 
= al 3gn+1 _ gn+1 a) 


(2 jet 
ae) eae) =? 


— 


a eae (2/3)n*1 
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E25. Let F, be the nt? Fibonacci number (Fy = Fo = 1, and Fy = F4 a F2 


for all n 2 3). Evaluate 
oo 
nn 
c FF 


Solution. We have 


oo n n 

F, F, Pk — Fk- 
Y —X— 59 Eq 81-3951 
fog ket, nocok Fe Pepi 039 07 Be Pet 


a ene) 
Fry Fai 


II 
1E 
ME 

iM 


noo VF, Fo Fn Fay 
ees vee 
F F : 


: . 1 
since lim E clearly equals 0. 


E26. Prove that for all n > 3, 
H ie RUN, C faen j 
tex O EEE amer 2 i 


Solution. We have 
1 k?+k+1  (k—1)+9(k?+k+1)  k?+6k?+12k+8 


gc pepe m 9(k — 13 =— 9-19 
_ (k+2)8 
9(k — 13” 
thus 


i 1 R+kt1\) Tq (k+28 —(n-1)jn(nc1) 
9 (k — 1)3 mu S QU Des 9n-2.13.23.33 
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Or, because the result is already given, we can use induction. 
For the induction step we need to show that 


1 /nB-n\’ 1 m-ncl e 1 (n 4-1)? — (n 4-1) ^ 
gli 2 9 ^ (n-19 / 32(nt1)-1 2 , 


which basically reduces to the same identity as above, namely to 


n?+n+1  (n-2) 
9 (n-1)%  9(n-1)" 


E27. Leti denote the imaginary unit. Evaluate 


Axl-ók(kri) 


Solution 1. Factoring we see that the given product is 


II 1+i+k(k+1) -H (k 4- i)(k --1— i) 


(ltt kk +1) i (E 1E d)(R — i) 
Tp kti k+1-i 
pee titi zu k—i 


In this splitting both products telescope and we find that the product is 


Tipe (1+i)(n+1—%) (n+l). n(n+2) 
(1 -ttk(k +1) (nc-1-i)(1—i) n2?4+2n+2 > n?4+2n+2’ 


where we have noticed that 1+7 = i(1—4) to cancel and multiplied both 
numerator and denominator by n + 1 — i to make the denominator real. 


Solution 2. We can also solve the problem in a harder (but, we think, 
instructive) way. We have 


1+itk(k+1) =k? - k-- 1-4 — ry(costy +isint,), 
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where 
rk = /(K? ck -1? +1 
is the modulus and 


tk = arctan PERI 


is the argument of the above complex number. Similarly, 
1—i+tk(k+1) =k? Ek -1— di — ry(costi — isinty), 


thus 


1+i+k(k+1)  rk(costy t isinty) 


- = cos(2t,) + isin(2t,), 
Deu RSEN Aceon - Oe eB In) 


and 


1+itkk+1) 7 - 
IL ec LT i tke +1) S ee ranoe) 


n n 
= cos o» +isin O3 ; 
k=1 k=1 


Now we have 


1 1 1 
tk = arctan ——— —— = arctan — — arctan ——— 
; k2+k+1 k k+1’ 
hence 
7 1 T 1 
1 tk = arctan 1 — arctan —— = — — arctan ——— , 
= n+1 4 n+1 
and 


Tp icd k(k-1) 
go l-i+k(k+1) 


= sin (2 arctan 
n+ 


L +icos | 2arctan : 
1 n+1/)° 


We also used cos(7/2 — t) = sint and sin(7/2 — t) = cost. 
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Explain how the results of the two solutions fit. Also, remember that we 
evaluated 


n 
1 
2 arctan Biki arctan(n + 1) 


in Example 2.47, yielding 


Y arctan ——MÀ arctan(n 4- 1) — £ 
= k24+k+1 — 4 


However, in this solution we get 


n 
1 arctan — — Las arctan : 
a k?+k+1 4 n+1 


Why are these two results one and the same? 


Prove that the identity 
(z--y--z)5 — (a9--y9 +25) = 5(z--y)(z--z) (y--z) (32 -? -2?--xy-- xz - yz) 


holds for any numbers x, y, and z. 


Solution. Transforming sums into products (that is, factorizing) is 
always a question of interest in mathematics. But this is not the only 
reason for which we consider this problem in a book about sums and 
products. The solution that follows is in connection with the so called 
sums of powers. More precisely, let us denote 


S=a+yt+z, Q= zy +zrz+yz, P= tyz 


and 
Sk — gh e y + zh, 
for integer k. (Sj, is thus the sum of kth powers of x, y, and z.) Accord- 


ing to the fundamental theorem of symmetric polynomials, every such 
a polynomial in three variables can be expressed as a polynomial in the 
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fundamental symmetric polynomials, which are S, Q, and P. In particu- 
lar, Sj, must have such expressions whenever k is a positive integer. For 
instance $1 = S, 


S5 = (x +y + 2}? — 2(xy + xz + yz) = S? — 2Q, 


and 
S3 = S? — 38Q + 3P 


(as we will see in a moment). Of course, So = 3. 


(Note that similar expressions can be found for negative integer k, too, 
but as rational fractions. For instance, 


S_1=Q/P or S= (Q? -2PS)/P? 
are immediate formulae, but this is not our matter of interest for now.) 
Coming back to our problem, we see by direct computation that 
f(t) = (t-z)t—-y)(t-z = È —S? + Qt- P. 


Consequently, 
r? — Sx? + Qz — P = f(z) — 0, 


which implies that 
z^ — Sx! + Qx? — Prt’ 20 


for all k. Of course, similar equalities hold for y and z, too. Adding the 
three such equations yields 


Sy — SSp_-1 + QSk-2 — PSk-3 = 0 & Sk = SSp_1 — Q9k 2 + PSk-3 


for all integers k, that is, we get a recurrence relation that helps us 
express 5; in terms of S, Q, and P for any k. Thus 
$3 = SS2 — QS; + PSo 
= S(S? —2Q) — QS + 3P 
= S? — 3SQ + 3P, 
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as we already said. We go further with S4: 
S4 = S S3 — Q S2 + PS; 
= S(S? — 39Q + 3P) - Q(S? — 2Q) 4- PS 
= 8* — AS?Q + APS + 2Q?, 
then we get 
$5 = S S4 — QS3 + PS2 
= S(S* — AS?Q + APS + 2Q”) — Q(S? — 3SQ + 3P) + P(S? — 2Q) 
= $5 — 55*Q + 5PS? +55Q? — 5PQ. 
Consequently, 
(z +y 4 z)? — (a? -- 9 + 25) = S? — Sg 
= 55*Q — 5PS? — 58Q? + 5PQ 
= 5(S? - Q)(SQ — P) 

and in this form it is not hard to factorize, is it? But 
S? -Q= (£ +y +z}? — (zy + zz +yz) =? +y? t+ 24+ayteztyz 
and 

SQ — P = (x +y + z)(zy + zz + yz) — tyz = 

= ry + ry? + get az? +yz + yz? + 2xyz 
= (z + y)(z + z)(y +2) 
(get the factorization!) hence we obtain the required identity. 
Note that, by going on in the same manner we will get 
S7 — S7 = 7(SQ — P)(S* — 29?Q + PS + Q?), 

hence another (hard) identity: 

(zd y 4 2)! — (a! y! +27) 5 T(x +yz -- z)(y- 2) 

l ((@? +y? +2? + zy + az +yz)? +aye(e+y+2)). 
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If one lets z = 0 in these identities, then one gets other (not easy to 
prove and useful) identities. Find them! 


E29. Evaluate the following sum for every positive integer n 


T 2n (n — 1)r 
IW OR ONLUS Oo Hao RE Lem 


Solution 1. For a real number x and a positive integer n, we denote 
A — 1-- cosz 4- cos 2z +--+ cos(n — 1)z 
and 
B — sinz -- sin2z 4 --- -- sin(n — 1)z. 
We have 


A+ Bi = 1-4 (cosz + isin x) + (cos 2z + isin 2z) 
TF (eos(n — 1)z + isin(n — 1)z) 
H=1l4+zt2?4---¢2%4, 


for z = cosz + ising (hence z* = coskz + isinkz, by de Moivre's 
formula). Now 
1—2"  1-—cosnz —isinnz 
1—z l-—coszr-—isinz 

2isin 22 (cos = +isin y 

2 2 2 
—2isin = (cos Z +7sin z) 
2 2 2 
sin = 
9 —1 —1 
sin 3 2 2 


L+z+24--42%1= 


because, by the usual formulas, 


1—cosz-—isinz = 2sin? 5 -2isin 5 cos 7 = —2isin 5 CI +isin =) . 
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Thus we obtained 


. nz 
sin — 2 = 
A+Bi= 2 pg EE eg ee ; 
sin — 2 2 
2 


which, by equating the real and imaginary parts, yields 


. nt  (n—l)m 
sin — cos ————— 
A= > cos kx = UEO MD 
sin — 
2 
and i 
n-1 sin — sin (e= Ug 
B= Y sin kr = 2 2 2 
k=0 sin — 
2 
In particular, for x = m/n, the first formula gives 
sin — cos cuit c Dm 
2 —1 9 
jocis adeps tia A DE = a SS ee = T 
n n n sin — 
2n 
since 
—1 
sin 5 =1 and cos WU — cos ( — =) = n. 


This suggests that the original problem has a simpler solution. 
And, indeed, we have 


SaS qua E ER E -Feos (x) = det 


(because when k runs from 1 to n — 1, n — k does precisely the same 
thing), implying our result 


n—1 kr n—1 Ez 

> cos— 20e >% cos — — 1 
n n 

k=1 k=0 
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However, the calculation of the more general sums A and B is important 
and interesting; that’s why we come with two more solutions. 


Solution 2. We can evaluate (as we already have done before, but 
repeating is not a bad thing) 


n—1 n-1 
2Asin 3 = » 2 cos kz sin 3 = » (sin (kz + =) — sin (kz — z)) 


n—1 
= » (sim ((x +1)z— =) — sin (kz — =)) 


= sin (nz = z) — gin (-=) = 2sin nr out Dr 
2 2 2 oo 
and we find again the above result. We invite the reader to proceed in 
the same way, in order to recapture the formula for B. 


Solution 3. Once we know the formula, we can also use induction. 
We prove the formula for the sum B: 


. ng, (n—1l)z 
sin — sin ~———— 


n—1 2 2 
b3 sin kz — Er IET c» 
k=0 Sin — 


2 


This is clear for n — 0, or for n — 1. Assuming it to be true for n we 
would get it for n + 1 instead of n if we showed that 


. nz . (n—1)c . (n+1)z . nz 
sin — sin -———— sin -———— sin — 
2 +sinnz = a a 
sin 3 sin 5 
or, equivalently, 
—1 1 
sin T sin (De + sin nz sin S = sin (rr De sin > 


And this is true, because 


sin m sin rg -Fsinnzsin Š 
2 2 2 
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= sin da sin pr + 2sin al cos a sin x 
u 2 2 2 2 2 
—1 1 
= sin Cu + 2cos 7 sin z) = sin CEDE gin ME, 


where, for the last equality, we used 
sin(a — b) + 2cosasinb = sin(a + b) 


for a = nz/2 and b= z/2. 


Finally, observe that formulas like 


(n—1)Ór nr 


n-1 Sin -———— cos — 
5 cos kz = — à ——24- 
k=1 sin 2 
or 
in Un — l)nr 
= = + » cos kx = — 2 
2 sin 2 


can be easily obtained from the above formula for B, by the the usual 
trigonometric transformations. 


E30. Evaluate 


n 


yen. 


k=1 


Solution. One sees immediately that k(k + 1)/2 is even if and only if 
the remainder of k when divided by 4 is either 0, or 3. Thus the sum 
actually can be expressed as 


n REED 
»» fe eg eee es oleae a 20 598 
k=1 


(it starts with two —1s followed by two 1s, and this pattern goes on and 
on), thus a quick answer would be 
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0, n=Omod4 

eae Z —1], n= 1 mod 4 
—2, n= 2 mod 4 

—1, n = 3 mod 4. 


Although very rapid, this answer is also a little bit naive, as it does not 
offer a unitary closed form for the given sum. We will see two ways to 


do that. 
First, if we write s, for the given sum, we immediately note that sı = —1, 
$9 = —2, 83 = —1, s4 = 0, and s444 = Sn for all n > 1. This is a lin- 


ear homogeneous recurrence relation, of order 4, with the characteristic 
equation z+ = 1 having four complex (and distinct) solutions +1 and 
+i. Thus there exist constants a, b,c, and d such that 


Sn — a+ b(—1)" + ci” + d( —i)", 
for all n > 1. The initial conditions produce the equations 


a-—b+ca-di=—-1, a+b—c-—d=-2, 
a-b-—cai+di=-1, anda+b+c+d=0, 


which are easily solved to yield a = —1, b = 0, c = d = 1/2. 
Consequently, 


, bz. : 
an bre qo. 
Further 


i” + (-i)" = cos + isin + cos — isin Z = 2cos —— 
ME 2 2 2. 2 


thus we finally get this (maybe a little surprising) formula 
n 
EtL) NT 
5-1 = —1 + cos 5 
k=1 


for every positive integer n. 


1. 
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Another way to proceed is to observe that 


2 yer = S14 y i1- Y 1- Xa 


4j&n 4j—1€n 4j—2€n 4j—3€n 


where the first sum from the right hand side is over all indices 7 > 1 
(positive integers) satisfying 4j < n and it comprises all terms from the 


initial sum of the form (D with k = 45. Similarly, the other three 
sums consist of the terms of s, corresponding to indices congruent to 
3 (respectively to 2, respectively to 1) modulo 4. Since there are [n/4] 
values of j > 1 satisfying 4j X n, the first sum from the right equals 
[n/4], and similarly we evaluate the other sums, getting the result 


ey = H $ | = eo J | | 


n 
k=1 


Again, this is somehow unexpected, isn’t it? However, we obtained it in 
a very natural way — thus it actually is very natural, too. Also note that 
the nice identity 


n n+1 n+2 n+3 nT " 
HE 1 l-#l-I 1 |=-1+ oos, nen’, 


follows since the two results must be equal. 


Evaluate 


Solution. As in the previous problem, we immediately (and naively) 
find the result 


n, n=Omod4 

Y Cc) EDD, —1, n=1mod4 
—n — 1, = 2 mod 4 

0, = 3 mod 4. 


k=1 
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But, again, this is not satisfactory enough. 


We can use an Abel type summation formula (a very simple case), 
namely 


n 


X hag = V (ar +: +n) = n(a + +++ + an) — X (ar +++ + aia). 


k(k+1) 
2 


For aj = (—1) 
problems, 


= k(k+1) nT 2 (k — 1)r 
XV 2 k=n (-1 + cos T) — 5 (-1 + cos eu 


=1 


we obtain, according to the results of the previous 


st 
= neos Foe yeaa 


sin NC cos ens 
= n cos E e 4 4 
2 sin 
4 
This can also be written as 
" dn (2n — 1)x ' 
k(k+1) 
»» "2k = ncos — — So ae 
k=l 2 zama 2 


after using a product-to-sum formula for the numerator of the second 
fraction in the first form of the result. 


We can also write the sum in the form 


ey k= Y^ je V] (4-1- Y] (j-2)- Y (4j-3) 


k=1 4j€n 4j—1£n 4j—2€n 4j—3<n 


and the reader is invited to check that this leads to the following formula 
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with integral parts: 
n 2 2 2 
k(k+1) n |? n-4-1 n+2 n+3 
280-15 ZH «| 1 | - [2] -EJ 
k=1 
n n+1 n+3 
«2|2] «| 4 l-l 4 |. 


Observe that we can equate the two results and get another (not so nice 


as in the previous problem) identity. Finally, we invite the reader to see 
that the following equalities 


Scare [5] (5) +3)- [52] 


k=1 
pan |mtl] _ (-D"2@n4+1)-1 
SGA =] Toy 


hold, by using techniques similar to the ones above. Also, observe that 
any of these formulae can be proved by induction - we only need to know 
the formula! 


E32. Prove that 


Y ( 1)*H J 2n 
1-9 4g eee a ane oi So 


Solution. For any positive integer m we have (as i? can be replaced by 
the sum of the first i odd positive integers) 


Nc» “2 -MC pe » 2j — 1) - Mj = 1) cot 
i=1 j=1 i=j 


j=1 
m (-1)5H + (-1)mH 
Ro epe 


- Yx zy Hj 2 (19 + c» 5X (2-1). 
j=l 
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By using the already known results 


uu ;a (c DuC )-1 m —1 + (—1)™ 
(lg = a Pur EE 


and, again, the sum of the first m odd positive integers, we get 


z i+l1;,2 _ m m(m + 1) 
2 T2. (-1) +1 3 . 


Now the required sum becomes 


as desired (probably the simplest and the most known telescoping sum). 
Note that during the proof we also used the geometric series 


2 pac n D 


for nonnegative integers s < t, a formula that, we are sure, the reader 
will be able to handle by her/himself. 


Moreover, observe that, starting with 


m 
Yete = M (23-1? - My 
i-l 2j-1€m 2j€m 


_ pp —1) _ 2g(g + 1)(2g +1) 
3 3 
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where p = |(n + 1)/2] and q = |n/2], one can also come up with the 
formula 


Beas aces EH] [ez]. 


Although not in this problem, the formula can be useful in other situa- 
tions, and it surely is interesting by itself. 


E33. Ifri,ro,...,r& and ti, te,...,tn are real numbers, prove that 
n n 
3 nn cos(t, — tj) > 0. 
k=1 l=1 


Solution. Let zk = r,(cost, +isint,) for 1 < k € n. We have 


OS late bz 
= (r1 cost +--+ +1, costs)? + (ri sinty +--+ rasin tn)? 


n n n n 
= (>: Tk COS » Tj COS «| + bs Tj Sin 3 (x T; sin «| 
k=1 I=1 k=1 l=1 


n n 
TERT] COS tk COS ty + 5 X TT] Sin ty sin tj 
1 k=1 l=1 


Mea 


M IM: 
MeT 


n n 
Tpri(cos ty cos tj + sin ty sin t) = ` » rr] cos(ty — ti), 
1 k=1 l=1 


x 
Il 


lI 


as required. 


E34. Prove that 


(v3 + tan 1) (v3 + tan 2) ees (v3 + tan 29°) = 279. 


Solution. We use the formula 


sin(a + b) 


tana + tanb = ; 
cos a cos b 
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Accordingly we have 


sin(60° + k°) — 2sin(60° + k^) 


tan k° = tan 60° 0S ey 
vices Sue cos60?cosk? sin(909 — k?) 


Consequently 
29 29 
o\ _ TT 28in(60°+k°) — 9 
Il (Y5 + tank ) = Il sin(90€— 49) ^^" 


because the sines from the numerator are the same as those from the 
denominator, and they all simplify. 


Evaluate 
(1 — cot 1°)(1 — cot 2°) -- - (1 — cot 44°). 


Solution. We have 


cos k? — sin k? 
sin k? 
.. V2(cos 45° cos k? — sin 45? sin k^) 
z sin k? 
_ V2 cos(45? + k?) 
^. eos(909 — k?) " 


cotk° —1 = 


hence 


44 44 44 o o 
[[(1—cot k°) = [[tot*-0 = [T Va Ee (va)" = 222, 
k=1 


zu zm cos(90° — k?) 


because, as in the previous problem, the cosines from the numerator 
cancel with those from the denominator. 


E36. Prove that 


cos 61? cos 62? cos 119? 
1 — 1 — eee — — » 
( cos 1? ) ( cos 2? ) (1 cos 59° ) : 
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Solution. The same idea as in the two preceding problems. Based on 
cos k? — cos(60? + k^) = 2 sin 30? sin(30° + k°) = sin(30? + k°), 


we get 


59 59 59 
cos(60° + k°) sin(30° + k°) sin(30° + k?) 
II (1 2 EE) zT ae 


= =1 
cos k? cos k? ; 


sin(90° — ko) — 


k=1 k=1 


as the same sines appear in the numerator and in the denominator. 


Prove that for every integer n > 1, 


ee Oe ae gn-] 2" 


Solution. We deal with à more general identity, namely we have 

sin 2^ 

2" sinz' 

for any positive integer n and any real number z different from any sr, 
with integer s. Indeed, this is equivalent to 


cos £ cos 27 ---cos2^-1y = 


2" sin x cos x cos 2z - - - cos 27713 = sin 2", 


and follows by repeatedly applying 2sint cost — sin 2t (induction can be 
used, to be more rigorous). We can also provide a proof by telescoping 
the product, as we have already seen in Example 2.31. Now we choose 
t= 3E, and obtain 


9ntl4 
cos Ze cos sil cos 2 B 2-1 : 
oni] ^ 9m. yen . Qn’ 
2” sin 
2n 
because 
sin 2t — gin n +27 sin 
2n —] 2n —] TU SET 


Although the general identity is true for n > 1, in the particular case 
L= Xu the case n — 1 must be handled apart, because it would lead 
to x = 2r, and sin z = 0. (Of course, this is very simple.) 
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E38. Let n be a given positive integer and let 


ay, = 208 =, k —0,1,...,n— 1. 


Prove that 
iu 1 


Ha-a- Us 


= —2 can also be 


Solution. Note that ag = 0, and an = 2cos nn 
defined. Now we have, as desired, 


k=0 k=0 
—1)""1 
D°- (I) = 5L 
Indeed, the equality 
1+ aka 
deg, 
Hu l4 ar 
is a particular case of 
1--2cos2 
1—2cosz = apd EON. 
1+2cosz 


which follows immediately from cos 2x = 2cos? x — 1. 


E39. The sequence {£n}n>1 is defined by 


2. 
9? Tht = Tk + Tk- 


X1 = 
Find the greatest integer less than 


: + : + TENE ue 
xı+1 z2-41 z100 + L` 
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Solution. The answer is 1. We have 


ANA: 1 1 1 bod 


= —————— = — — — $ 
Wkpp  CR(ZROCl) Tk apt lapel Tk wpa 


therefore 
5^ NA D ( 1 1 ) B E MM 
ktl f \ ik Tk T1 101 £101 


All the terms of the sequence {£n }n>1 are clearly positive, hence 


100 

1 1 
DR cux a o 
I Tk t z101 


follows. Also, the sequence is strictly increasing and z3 = 21/16 > 1, 
thus z101 > 1, too. This shows that 


and completes the solution. 


E40. Solve the problem left unsolved in the Introduction. Namely, if n is any 
given positive integer and f is defined by 


fei--[z 


ef£]8m| 
Mess 


k=0 


show by telescoping that 


where fV is the kth iterate of f (that is, f = fofo---of withk 
appearances of f; we also consider fU! to be the identity function that 
maps x to x, for every z). 
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Solution. We saw in the Introduction that the numbers nj = f'*-!l(n) 
eventually become equal to 1, hence the sum is actually finite (the cor- 
responding terms in the sum are 0). Considering x = f] (n) in the very 
definition of f yields 


FP) = ff) - | e ee = fH (n) — s(n), 


Thus, if n,4,1 = 1 for some s > 0, then 


| fim) | SS fii) 
Sale eal 


as desired. 


2. Solutions to Medium Problems 


2 


231 


Telegram.me:(omath books 


Solutions to Medium Problems 


M1. For each positive integer k, let f(k) = 4* +6*+9*. Prove that for all 


M2. 


nonnegative integers m and n, f(2™) divides f(2") whenever m is less 
than or equal to m. 


Solution. By repeatedly using the identity 
(a? — ab + b?) (a? + ab + b?) = a* +. 070? + t, 


we get 
Pg a tnm = (a 4 umm vm) 
f (er va azy” 4 pr (aa = a pun 4 p) u 


: (a? quamet dE p") 


whenever m < n are nonnegative integers. This shows that, if a and b 
are integers, and m < n, then 


m+1 m om m+1 EM nm+1 n.on n+l 
a +a?” b” pe divides a?" +a?” b” Ey, 


In particular, for a = 2 and b = 3 this means that f(2) divides f(2"), 
as required. 


Evaluate 
1? +22 +3? — 42 — 52 +62 + 72 +8? — 9? — 10? o 20107; 


where each three consecutive + signs are followed by two — signs. 
Solution. We have 


(5k — 4)? + (5k — 3)? + (5k — 2)? — (5k — 1)? — (5k)? = 25k? — 80k + 28, 


thus our sum is 


402 
y (5k — 4)? + (5k — 3)? + (5k — 2)? — (5k — 1)? — (5k)?) 
k=1 
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402 402 402 402 
= V (25k? — 80k + 28) 2253 k? - 80V ^ k +285 01 
k=1 k=1 k=1 k=1 
T 202 a S oa + 28 - 402 = 536926141. 


M3. Prove that 


a l-n? gg 
1+2q +30? b ng" = , 
1-4 (l-4? 


for every q #1. 


Solution 1. Brute force is our first approach: we multiply the given 
sum by (1 — q)? and just calculate. Thus 


(1 — q)*(1 + 29 - 34? +- ng) 


= (1— q)(1 + 2g + 3g? +--+ c nq"! — q — 2g? — 8g? — --- — nq") 
- (1-91 a d? 9 +g"! — ng") 
- (1- g)(1- ng?) - (1 Q(a +8 +- +g) 
= (1-4) — nq") + (q — q^). 


Now divide in this equality by (1 — q)? in order to obtain the desired 
result. Of course, here and elsewhere, the identity 


(l-g)\(l+q+@+---+¢°")=1-¢° 


is taken for granted. 


Solution 2. Knowing Abel’s summation leads to this second approach. 
We use the identity 
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for ay = q*-* and obtain 
n n i= ar k+1 
yg = y lega qun 
k=1 k=1 


Ig Log tee Ig 
1—nq^ , q-4" 
uas Iun Ee 

lcg (1-4? 


On the other hand, if we use 


n n 
So kar =n(a1+---+an) -X (ar + baa) 
k=1 k=1 


(that is, the same identity as above, but rearranged), we get 


l-4 e 1-4 1-4 = 1-4 
|. n-ng^ n-1 q+ +g! 
1—q4q 1-34 l-q 


l-n | q-q 
= + A 
tag (1-4? 
Basically, we made the same calculations in each of these approaches — 
they differ only formally. 


Solution 3. For the reader with some basic knowledge in calculus, the 
following solution is available, too. We can consider the functions f and 
g defined, for x Æ 1, by 


P= n+1 
f(z) =1+a+---+2" and g(x) = — 


We established that f(x) = g(x) for all real numbers z # 1 (actually, 
even in the case x = 1 the equality remains true if we consider instead 
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of g(1) the limit of g for x tending to 1). Since f and g are equal, 
and both functions are differentiable, their derivatives must be equal: 
f'(x) = g'(x), that is 


—(n + 1)zg"(1— z) + 1  z^*! 
(Lun 
m" 1-nz" rz—zg^ 


1+2Q¢+---+ng") = 


fae "XT 


for every x Z 1. We used z instead of q in this solution, since it is a more 
common notation for a variable. 


Finally we invite the reader to take a fourth (obvious) way for solving 
this exercise, namely to use induction. 


Evaluate A 
X em 
c Ke pel 
Solution. The identity 
(a? — a 4- 1(a? -- a - 1)  a* - à? 1 


comes to our mind (and becomes handy) again. We have 
5 EC APR »»- dE Ee E 
AURRELARI XAR EEFI 


lc 1 1 
-iD (na erar) 
1 1 n? +n 
2 EE E EXER 


[en 


~ 2(n? -n 4-1) 


Evaluate the sum 


EST NN MEE 
3+1 3241 34+1 37 +1 
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Solution. As simple as it may seem, it is important to notice that 
(32" — 137 +1) 2 32" —1. 
Consequently 
| 2* — 23-1) »(7"4:1-2) (3.1) — 2h 
35.1. 3701 gektt yy 37L] 


E 2k(3?* a 1) gk+1 x 9k gk+1 
AER , tet yc | se 


hence, by telescoping, 


Y 9k " 90 pnt > 1 9n 
cx I Pe Bea cac gave p 


M6. Let fa 2 27 +1, n 2 1,2,3,... Prove that 


for all positive integers n. 
Solution. We have 
gk-1 gk-1 gk 
22 41 2—1 928 1 


(proceed similarly as in the previous exercise), therefore 


a. hel Z / 2k ph 1 9n 1 
Yaenu-M(suw-eeu)-30 3x3 


k=1 k=1 
M7. Let an = 3n + Vn? — 1 and bn = (Vn? -n+ Vn? +n), n> 1. 
Prove that 


Vay — by + Vaz — bo + +++ + Vas — bag = A+ BV2, 


236 


Chapter 9. Solutions 


for some integers A and B. 


Solution. Here the formula 
a? + b? -- c? — 2ab — 2ac + 2bc = (a — b — c? 


comes to help us (of course, if we manage to recognize what a, b, and c 
are). We have 


ay — by = 8b + VÀ 1-2 8 k -2/ RP +k 
= 5 (6k +2v/k2— —AVKà —k —4 k2 +k) 
-5(k-vk-i- VET), 


thus 


pea zi- Vk-I- Vkx1) 


— rie 


5 (1 an = 253542, 


SÉ 


finishing the proof. 
Observe that, when we calculated aj — by, we also used the fact that 


2V/k — Vk —1— Vk4 1» 0. 
One can prove this, for example, by squaring the equivalent form 


2Vk > Vk-—1-vVk-4l, 


or in many other ways (Jensen's inequality is another possible approach, 
etc.). 


M8. Let m <n be positive integers. Prove the double inequality 


1 1 1 
VwTI-vm < Fat RU VOI VA 


« 2 (J/n — Vm — 1). 
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Solution. We have 


Vk + -VE < REC ECT, 


for k > 1. Indeed 
1 1 
Vk =i ke ei 
VkE+14+Vk 2Vk 


& Wk « Vkt1t+ Vk e vk < VEFI, 


and the second inequality can be proved analogously. Alternately, we can 
use Lagrange's mean value theorem for the function f : [k,k +1] > R, 
f(x) = Vz. The derivative of f is 


1 


1 — 
thus we get 
m 1 
for some c € (k, k + 1). Since c > k we obtain 
1 
Ir ek= 
RAT 2Vk 


Now all we have to do is to add the inequalities 


2(VEFT- Vk) < 7 <2 (VE - VET), 


with k running from m to n, in order to obtain the required inequalities. 


For example, when m = 1, we get 


1 1 
Ee aa a 


or 


m= XVa > 2 (Vn —- yn —1) > -2, 
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for all n > 1, showing that the sequence (z5)5»1 (for £n defined above) 
is bounded from below. Since 


1 
tipo er epo AVR — yn) <0 


for all n > 1, we see that (£n)n>1 is strictly decreasing. Being decreasing 
and bounded from below, (%n)n>1 is convergent, and has a limit between 
—2 and x; = —1. We invite you to prove similarly that (yn)n>1, with 


is also convergent, and to find bounds for its (finite) limit. 


Tei 
E 1 


| 1 
2 442 
n* + 4/n* + 1 
Prove that 4/ai + yaz +--+ yag is an integer. 
Solution. We have 


an —2— ,n=1,2,.... 


1 
k? — key 
aj = 2- — —ÀÀ——. = 2.4 4k? - 2/2k* +1 


4 
= (2k? + 2k + 1) + (2k? — 2k + 1) — 2/(2k? + 2k + 1) (2k? — 2k + 1) 


= (Va k3&1- Va 2k 1). 


(remember the formula for de-nesting nested radicals!). Therefore 


119 119 
Y Va, zs (v2)? + 2k +1 — 2k? — 2k + 1) 
k=1 

is 


(v20 € 17 = 26 +1) 41 — V2k? — 2k +1) 


=1 


a 120? — 2 - 120 + 1 — 1 = 168, 
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because 


2.120? — 2. 120 + 1 = 2- 119 - 120 + 1 = 168 - 170 + 1 
= (169 — 1)(169 + 1) + 1 = 169°. 


M10. Prove that there is no positive integer n for which 


n 
J[6 ++) 
k=1 
is a perfect square. 


Solution. Again, 
kt+k? +1 = (k? +k+1)(k?—k+1) = ((k-- 1? — (k--1) 4-1) (K? — k F1), 


hence 


P, = [G2 2 = TQ 12 - 6-2 - 20? - 6 
k=1 k=1 


i 2 
=(n?+n+1) (II - en) 
k=2 


If we assume that, for some positive integer n the product P, is a square, 
say P, — m?, with m a positive integer, then 


2 


m 


TIG: -r+ 


k=2 


n? -n41-2 


is the square of a rational number. However, n? + n + 1 is a positive 
integer, so that, if it is the square of a rational number, then it actually 
must be the square of an integer. But this is not possible, since the 
inequalities 

n? « n? En 1« (n 1? 
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show that n? +n + 1 is strictly between two consecutive squares. 
The contradiction thus obtained finishes our proof. 


MA1. Let F, be the nth Fibonacci number. Prove that 
n 
J Gs + Fo 41) = Font. 
k=0 


Solution. We use a well-known Fibonacci numbers identity: 


Fom = F244, —-F2_1, m>1. 


We have 
Fe F? F 
F FEF = mtl] m1 lolum >1 
m+1 + 1 Fu = [m Fa » M721, 
hence 
n 
F5. 2k Forti m 
F.: F. = Fon+ı. 
I 3k + Pk 44) -2s Fos -H Fo. 2n41 


For a proof of the identity that we used, remember the formula 


1 : LE V5 - V5 
F, = —(a” — p” ha= = à 
= ste B"), with a = and f = 2 
We also have of = —1, hence 


1 = E - 
Fito Fi (o p gom a pm gm i gum 2+2(—1)™ » 


I m 1 m 1 v5 m m 
HC (2-5) (r-z) -Fe -g ) = Fan 


(observe that o? — 1/a? = v5, and 6? — 1/8? = — v5). 


2. Solutions to Medium Problems 241 


Telegram.me:(gmath books 


M12. Let x be a real number in the interval (—1,1). Evaluate 


E k k+1 
I[a-2 qut y 
k=0 


Solution. Our old friend, the identity 
(l—at+a?)\(1+a+a?) 2 1c a? - a^ 


comes to visit us again. We have 


Ila poy as = Il 1442277 pg yy gt yar” 
i E "Wd A2EG SERI 0 eee 
x 2 l+a* +r lc-rz-c-z 
therefore 


oo n 
= 9k gk+1 EET = 9k 9ktl 
IIa z^ +2 ue LNG gx) 


k=0 
1 d gent a gers 
= lim — — 
n—0o lt+a2+22 
_ 1 
GETIT 
because, for z € (—1,1), we have lim z^ = 0. 
noo 
M13. Let F, be the nt? Fibonacci number. Evaluate 
Yun 
fog Fk-1Fk+1 
Solution. Because Fk = Fk+1 — Fk-1, we have 
1 es Fk- 1 1 


FkaFka —FkaFeFRa 9 Fe-iFe o FkFkus 
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and 


II 
3 
i8 

3 
UN 
x 
MT 
zu 
* 
az m 
die 
Sv 


lim : idee. 1 
n>% V Fi Fy Fafa) AR 
For the Lucas numbers Ln, defined by 

Lo = 2, Ly 1, and Ln = Ln-1 + Ln-2 


for n > 2 compute in the same way 


Y Eu 
c Lr-iLk+1 


M14. Let n be a nonnegative integer. Prove that 


sese) 


Solution. Remember that 


for n > k > 1, so that 


Y» -D (92) 
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The last step follows from the fact that 


2 

ne kJ Nk—1 
represents the coefficient of z^-! in the development of the product 
(1-- z)^(1-4- z)"-1. However, this product equals (1 + z)?^-1, therefore 


the coefficient of z^-! in its development actually is (7771), and the 
equality is thus proved. 


This equality, by the way, is nothing but a special case of Vandermonde's 
identity: for nonnegative integers a, b, and c, we have 


200901) 


the sum being over all nonnegative integer values of j and k that sum 
to c. (Remember that a binomial coefficient G) is 0 if p < q.) Prove this 
identity and generalize it to 


»3 a v0 = 4 FeaT 5 
spei) ; 

$i jc JA Js c 

for nonnegative integers a1,...,@s, and c. 


Let n be an odd integer greater than or equal to 5. Prove that 


GGe 


is not a prime number. 


Solution. First of all we note another form of the given expression. 
Namely, we have 


(Ede lo 5y m ie (t) +52 (5) ceo de E C) 
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according to the binomial formula, whence 


w= (7) -5(5) +#() eme (2 


(-4^-1 4"-1 
-5 5 


follows. For the last equality we used the fact that n is odd. Now we 
have wad - 
44.1227" 41 (7 - 2? +1) (7 277 +1) 


where both parentheses are (positive) integers for n > 5 odd. Because 
41 (27-278 +1) (29 4+2°F +1) 
ia a c7 cm 


is a natural number, one of the factors from the numerator is surely 
divisible by 5. So we have either 


n_ oH E 
N SE 7T (or ath +1) 


N 


or 
n+l 
2” 4+2 27° +1 n 
N= 75S (m -2Ó 41), 
In whichever case gives integer factors, this is an expression of N as a 
product of two integers greater than 1, showing that N is not a prime. 
We only need to prove that the factors are greater than 1. Indeed, for 
the smallest of them we have 


an 2" 4.1 29 (7: —1) +1, 2907-1) 41 
5 i 5 = 5 


because n > 5. And the proof is now complete. 


=5>1 


M16. Prove that for any positive integer n the number 


2n+1 
ies 2n t1 9 y 2n 1 92-3.3 4... n+ gn 
0 2 2n 
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is the sum of two consecutive perfect squares. 


Solution. By using the binomial theorem we see that 
1 
On =F ((2 + 73)?nt? + (2— v3)" 

Attempting to express a, as a sum of two consecutive squares, say 

an = i + (z 4 In 
we find (by solving for z) that 

ps —-1+/2a, -—1 

Sa E 
thus we expect 2a, — 1 to be a square. And this is, indeed, the case: 
1 2n+1 2n—1 
5 ((2+ v8 + (2 - vam) -1 
1 
= 5 (( v3? Q- v3)™ + (1 - va - vay — 4) 
1 2 

- G (a + v3)(2 + V3)" + (1- V3)(2 — v3") 


2a, — 1 = 


So, we have an = z? + (x + 1)? for 


-1+4 (a4 ve e v8" a- vy - v3”) 
ED LL 


(the other solution gives, basically the same expression of a; as the sum 
of two consecutive squares). All that remains to prove is that 


1 
b. = 5 (Q- V3)(2 v3" + (1 - v3) - v8)") 
is always an odd integer (making x an integer). This is not hard to do: 


we have bo = 1, bı = 5, and b, — 4b, 1 + b, 2 = 0 for every n > 2. The 
recurrence relation inductively shows that the numbers bn are integers, 
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and also that b, has the same parity as b, 5, hence any b, is odd, 
precisely as bo and bj are. 

We obtained the recurrence relation by using the theory of second order 
linear and homogeneous recurrences. Namely if o # 8 and c,d are any 
numbers, then the sequence with general term £n = ca” + dp” satisfies 
the recurrence relation p&p + q£n-1 + rz4-2 = 0, where p,q, and r are 
such that the equation pz? + qr +r = 0 has precisely the roots a and 
B. This is actually also true for a = f, but the converse (that is, the 
fact that any sequence (£n) that satisfies the recurrence has general term 
Tn = ca” + df" for some constants c and d) needs the condition a # f. 
Try to prove these facts, then apply them to the sequence (bn) (with 
a =2+ 3 and £ = 2 — V3). 


a 
Let n be a positive integer and a be a real number, such that = is an 
irrational number. Evaluate 


1 1 1 
cosa — cos 3a 5 cos a — cos 5a POM cosa — cos(2n + 1)a’ 


Solution. If we use a sum-to-product formula we see that the sum to 
evaluate actually is 


1 1 1 
"^ 9sinasin2a 2sin2asin3a SONIS 2sin na sin(n + 1)a 


and it seems not so easy to find a telescope for it. So, we try some small 
values for n and, after a few trigonometric manipulations, we obtain 


sin a + sin 3a 


DF a EL, 
2sin asin 2a sin 3a 


and . : F 
sina + sin 3a + sin 5a 
$3 = — 
2sin asin 3a sin 4a 
suggesting the formula 


$= sina + sin3a+---+sin(2n — 1)a 
iam 2sina sin nasin(n + 1)a 
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for n > 1. (Notice that the same formula works for n = 1, too.) Now, it 
is natural to try induction. The inductive step would require us to prove 
the equality 


nt+1 
sin(n+2)a «(x sin(2k — 1) y esi inna sin y sin(2j — 1)a 
j=l 


We invite the reader to do this checking! You will probably discover that 
you need a closed form formula for the sum from the numerator in the 
expression found for S, — and we need it anyway, otherwise we cannot 
say that we solved the problem. For the sum from the numerator, 


Tn = sina + sin 3a 4 --- +sin(2n — 1)a, 


we proceed as we already did several times in such exercises, namely we 
multiply by 2sin a: 


2T; sina = 2sin? a + 2sinasin 3a 4- --- + 2sinasin(2n — 1)a 
= 1 — cos 2a + cos 2a — cos 4a + --- + cos(2n — 2)a — cos 2na 


= 1 — cos2na = 2sin? 2na, 


so that 


sin? na 


n = 


sina ` 
(Or just use the identity from the end of the solution of Example 2. 25, 
if you proved it.) Thus the closed form that we are looking for would be 


sinna 
2sin?asin(n + 1)a` 


And now we can solve the problem, inductively or by telescoping; we 
choose telescoping. Based on all the above observations we calculate 


sin ka || Sin(k—1)a — sin? ka — sin(k — 1)asin(k + 1)a 
2sin?asin(k--1)a  2sin?asinka - 2sin?asin kasin(k + 1)a 
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. sin? ka — (sin? ka — sin? a) _ 1 
~ 2sin?asinkasin(k 4-1)a ^ 2sinkasin(k + 1)a 
2 


(we used the formula sin(x — y) sin(x + y) = sin? z — sin? y). 


Thus we have 


ic n 

1 1 
c LEER S MP oa EN cM 
. 2. cos a — cos(2k + 1)a 2. 2sin ka sin(k + 1)a 


u Y ( sin ka |. Sin(k — 1)a ) 
m \2 sin?asin(k+1)a  2sin?asinka 
sinna 


~ 2sin? asin(n + 1)a' 
and the claimed formula is proved. 


Prove that 
1 1 1 1 


sin45°sin46° ' sin47°sin48° | sin 133°sin134° amni 
Solution. We write the equality in the equivalent form 


sin 1° sin 1° 3 5 sin 1° tog 
sin 45° sin 46° sin 47° sin 48? sin 133°sin134°  ^' 


and use the identity 


sin (b — a) 


- - = cota — cot b. 
sin a sin b 


Accordingly, we have 


sin 1° sin 1° 


sin 45° sin 46° = cot 45° — cot 46°, sin 47° sin 48° = cot 47° — cot 48°, 


and so on, until 


sin 1° 


sin 133° sin 134° = cot 133° — cot 134°. 
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Now add side by side all these equalities and use 
cot(180° — x) + cot x = 0 


repeatedly. Thus we have 


cot 47° + cot 133? = cot 49? + cot 131? = --- = cot 89? + cot 91° = 0 
and 
cot 46° + cot 134? = cot 48? + cot 132? = --- = cot 88? + cot 92? = 0. 


Also, cot 90? — 0. Therefore we get 
sin 1? sin 1? TR sin 1? 
sin 45° sin 46° sin 47° sin 48? sin 133° sin 134° 
= cot 45° + cot 47° +--+ + cot 133? — (cot 46° + cot 48° + --- + cot 134°) 
= cot 45° = 1, 


and we are done. 

s 
Prove that for every positive integer n and for every real number x # x 
(t =0,1,2,...,n,8 an integer), 


etd 
`> a cot z — cot 2" z. 
£— sin 2^z 
Solution. We have 
n 1 n 
5 mm » (cot 2*-15y — cot 2e) = cot — cot 2” z, 


— =1 


by using the formula 


— = cott — cot 2t. 
sin 2t 
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Indeed, 
24 UN TN sin? 2 2 
zT _ 2cos^t e t— sin DER: ER EESTE T 
sin 2t sin 2t sin 2t sin 2t 


As a final remark, note that if one relies on the similar formula 
tant = cott — 2 cot 2t 
then one can derive the identity 
n 
>p 2*-1tan2*-1t = cott — 2" cot 2"t. 
k=1 
We invite the reader to prove these results. 


M20. Show that 


sing | sin2x sinnz cos(n + 1)x 
ee cot r — ——— — — 


cosz  cos?z cos” x sin x cos” x’ 


for all x # 1: where s is an integer. 


Solution. As in the previous problem, we can guess the telescoping 
formula from the final result (because it is given). Namely we have 


sin ka cos ka cos(k + 1)z 
coshr  sinzcos*-!z  sinzcos*z' 


and, consequently, 


Y sinkz _ Y ( coskr ^  cos(k- 23 . cosg cos(n-d 1)z 


coz £ : sinzcos*-1z . sinzcos*z ) sing  sinzcos"z 


k=1 
Prove the formula that we used! 


(Its proof is just based on cos(a + b) = cosa cosb — sin a sin b, for a = kx 
and b = x). Of course, an inductive demonstration is available, too — 
but it is mainly the same as the telescoping one. 
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M21. For each positive integer number n prove that 


T T 
2n -1 Geom] o o Ld (0009 


Solution 1. The numbers 


2kr kr 
= j sin ———— =0,1,... 

Zk OS aA Te Sea k=0,1,...,2n 

are the (2n + 1)th roots of unity, that is, they are the solutions of the 


equation z2"+! — 1. 
By Vieta’s formulae, we have their sum zo + 21 +---+ Z2n = 0, meaning 
that 

2j Zn = —1, 


(because zo = 1). Also, it is not hard to notice that 


1 1 


— yntk _ zt 
ntk = Apo — quick 7 
1 


2n+1—k 


for k = 1,2,...,n. (We used de Moivre’s formula and the fact that 
zm = 1.) Thus, 2541, ..., 225 are the inverses of 2n, . . . , z1 respectively, 
and we can rewrite the above equality as 


1 
zit etrn t> +e ++ nnl, 
n 21 
or 
+ sere : + ae 
ae 2 (^ a 
Since 
Zk + ke 2 cos Ai 
k žk 2n +1 
for k = 1,...,n, we see that the previous equality is precisely the desired 


result. 
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Solution 2. (As the careful reader may have already observed), we can 
return to the identity 
(2n + 1)z 
2 
m 
2sin — 
sin 5 


1 sin 
g + COST + cos 2a + +++ + cos na = 


2 
and replace here x = ere We get 0 on the right-hand side, therefore 


the problem is solved. 


M22. Let ( #1 be a complex number with C73 = 1. Evaluate 


22 1 
y k 2k' 
LFC ES 
Solution. Let 
—14 i83 -1 — iv3 
E a c aa 


be the two roots of unity of order 3 which are different from 1. We have 
14- z 2? = (a — z)(8 — z) 


for every complex number z, hence 


22 22 
Orr Leor 
k (2k — — (CB ck 
CX ISGSUROS anc eset) 
sel ee 
Dena me Bath 
On the other hand, for any complex polynomial P having the roots 
21,...,25 (not necessarily distinct), we have 
P'(z) 1 1 


Plz) z—n z-—zw 
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for every complex number z not equal to any of z1,..., Zn. In our case, 

for the polynomial P = 2?? — 1 the roots are C*, with k = 0,1,...,22. 


M23. 


(Because 23 is a prime, any 23th root of unity different from 1 is a 
primitive root, that is, its integer powers generate all the 23th roots of 


unity.) Thus the above equality reads (for P(z) = 2?3 — 1) 


22 
1 P) 23272 k 
ee ~ P) æT z#C°, k=0,1,...,22, 
k=0 
and yields 
TEET TRE, 
ka (2k BL Sy E 
mo tts +ç B SEXO a ¢ B C 
a 1 230? ^ 238? 
»pB-oaNaB-1 8»3—1/' 
Because o? = 6° = 1, a+ 8 = —1, and af = 1, we can calculate 


o? p? Qa B 
auci pet eal Beat 
___ @-a)(a6 +1) 
(aß)? — (a+ B)? 4- 208 +1 


2 
= 3 (8 =a), 
and thus the final result that we are looking for is 
3 1 _ 46 
lock 0 37 
có Id 6 4 3 


Prove that 


n—1 


elt [ert] e e Een n |= ia), 


n 


for all x € R and any positive integer n. 
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We give two approaches for proving this beautiful identity of Hermite. 
They both need the property |t+p| = |t] +p for t € R and p € Z, and, 
of course, the definition of the integer part: for any real number t, the 
integer part of t, denoted |t] is the greatest integer not greater than the 
number; so, we have |t] € Z, and |t| € t « |t| 4 1. 


Solution 1. We will also use in this first solution the fact that a < b 
implies |a] < |b]. Thus, because 


1 n-1 
q qp eS a ed 
n n 
we have 
1 n—1 
ies arc ees aps SUIS 


too. Since every number |x--i/n| (0 <i € n—1) is an integer the above 


inequalities show that there must exist a number j € (0,1,...,n — 1) 
such that 
- m m j 
|z] = Ii] =e i] 
and 
| +i- = |z+ 4| =1e) +1, 


implying that 


[x] + lez e] —T e+ 2] 
E EA E EE nlz] n — j — 1. 


On the other hand, the above expressions of the integral parts are like 
that if and only if 


TE 
pu eie ie tee oe 
n n 


which means that 


n|z|-n-j—-1zmz«nl|z| *n-—j. 
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But these inequalities show that 

[nz] 2 n|z] -n-j — 1, 
therefore we obtained the same value for both sides of the identity, fin- 
ishing the proof. 


Solution 2. Let us consider the function 
1 2 n— 1 
f(x) = |z] + lez] + lez] peer ird — [nz]. 


Clearly, Hermite’s identity is equivalent to f(x) = 0 for all real numbers 
x. We observe that 


f(s* i) = lez] iE EH d ese ird 
t lz +1] -— |nz+ 1] = f(z) 
TEES [zr4-1|2|z|]-1 and |nz-1|- [nz] 1. 


That is, f is periodic with 1/n as a period. Thus it suffices to prove 
f(x) = 0 (and the identity) for x € [0, 1/n). But for such z all the integral 
parts involved in the definition of f are 0 (all x +i/n for1 «i € n—1 
and also nz are between 0 and 1) hence f(z) = 0 obviously follows — 
and it follows for all x € IR, finishing the proof. 


Prove that for every positive integer n 


n 4- 29 n2! n+ 22 
epp ege 


Solution. The sum is not an infinite sum, because, at some moment 
the integral parts become 0; more precisely, we have 


n 4 2* 


wur «bene 
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hence the terms are 0 for k > logo n. We use Hermite’s identity in the 
form 
1 
je 5| = |2z] - |z]. 
Accordingly, 
n + 2* n 1 n n 
Y er |= Dla *2| 7 22] - lc] e tnt 
k>0 k>0 k>0 
(Hermite’s identity allows telescoping for this sum). 
M25. Evaluate 
5 E + | 
ücicien l I 
where x is a real number. 
Solution. We have 
zi n EN as i = £ 
Y ES-xXB bl 
0cicjen L7 jii c) J jaits 
where, for each inner sum we used Hermite’s identity. 
M26. Let x, y, and z be integers such that zy + xz + yz = 0. Prove that 


(£x +y 4- z)? divides x? + y? + 2°. 
Solution. We have the identity 


(z4-y--z)9 — (z5--9--25) = 5(£+y)(£+z)(y+2)(z?+y?+2°+ry+rz+yz2) 


proved in problem E28 in the previous section. By xy + xz + yz = 0 we 
get 
(x +y)(x + z)ly +z) = -ryz 


and 
T? +Y? +2 + zy yz +yz = (gy zy, 
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therefore the identity becomes 
(x+y +z)’ — (a? + y? + 2°) = —5xyz(z + y + z}. 
Consequently 
z5 +45 +2 = (£ +y + 2) +5ryz(z +y + z) 


is divisible by (x + y + z)?, as required. 
Note that such (nontrivial) integers do exist. For instance, we can con- 
sider x = 12, y = 4, and z = —3 for which zy + zz + yz = 0 and 

z? + y? + 25 = 249613 = 13? - 1477 


is divisible by 13? = (x + y + z)?. 


Actually there are infinitely many triples of integers with the given prop- 
erty. For example, take z = a(a + b), y = b(a + b) and z = —ab (with 
integer a and b), and we have the desired equation zy + zz + yz = 0 
fulfilled. With some little effort you can find all such triples of integers. 


Let p be an odd prime. Prove that 


p-1 
k? —k +1 
: E > (mod p). 


k=1 


Solution. Note that, by Fermat's little theorem, each (k? — k)/p is a 
natural number. We have, by the binomial formula, 


(k — p)? = k? — pk?-1p + PIP = D p22 —...2k? (mod p?) 


(all missing terms are clearly divisible by p?), hence 


k? + (p-k) 0 (mod p?) 
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for every k € (0,1,...,p — 1} (and for every other integer k, but we are 
only interested in these values). Thus 


p- p- pri p 
Sor = (Eer) = = 13:233: 
k=1 k=1 k=1 k=1 
-1 
-iS we (p— k)) 20 (mod p°) 
k=1 


(for odd p dividing by 2 doesn’t influence the congruence). 


Consequently, 


p—1 


D -k E k? — 3 k= (mod p°), 


k=1 k=1 
therefore 
p—1 


p. = 
5 RUE = Hm (mod p) 
ki P 2 


and the conclusion follows because, evidently, 


-1 _p+1 


5 9 (mod p). 


Prove that for each positive integer n > 2 the following inequality holds 
c(n)é(n) < n?, 


where $(n) is the number of integers that are less than n and are rela- 
tively prime with n, and c(n) is the sum of the positive divisors of n. 


Solution. The arithmetic functions c and ¢ are multiplicative, that is 
o(zy) =o(x)o(y) and (ry) = é(z)ó(w) 


for any relatively prime positive integers x and y. 
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Therefore, if n = p{'---p% is the factorization of n (with primes 
P1,---;Ps and positive integers a1,...,a,5), we have 


e(n)é(n) = opot) -- -o(po*)épt*) < (BR)? p)? = v, 


provided we proved the inequality for n of the form p^, with prime p and 
a à positive integer. This is not hard, namely we have 


o(p*)b(p*) = (1-- p p^ c p)p" (p - 1) 
=. (pet! x 1)p*} < pee - (p*)?, 


and thus our proof is complete. 


M29. Let m and n be positive integers with m even and at least equal to 4. 


Prove that 25 
(4mm 
k=0 
is not a prime number. 
Solution. We have 
30 = pou qan 
n44+4 


k=0 
by using the formula 
m ml _ pm+1 
X atom EN aa (a £b) 
= a—b 


and the fact that m is even. Now, another formula, namely 
a* + 4b4* = (a? — 2ab + 20?) (a? + 2ab + 20?) 
shows that the numerator of the final expression of our sum factors as 


pm) + 4qmt1-— (n™+1)4 + 4(27/2)4 


= (n2m+2 E 9m/2--14 m1 + one egere ES gm/2+1,m+1 Be Derk. 
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If we prove that both these factors are greater than the denominator, we 
are done (since if pg/r is an integer for positive integers p, q, and r, and 
p>r,q>-7, then after cancellations pg/r surely remains a product of 
two integers greater than 1). Of course, it suffices to show that 


n2mt2 ET 9m/2*1,m4l + gmt > nt se 4. 


This follows, for n 7 2, by adding 
n2 n _ om/2--1, ml = natinat = 2m/2+1) > pm > nt 
with 2”+1 > 4, while for n = 1 it reduces to 2^ — 2/2 > 2, hence to 
2/2 > 2, 
Note that for m = 2 the above inequality becomes 
n8 — nf — 4n? +4 » 0 & (n — 1)(n? -- n* — 4n? — 4n - 4) » 0 


and it still holds for n > 1. So, the given sum is not a prime for m > 2 
even and any positive integer n with the only exception of m — 2 and 
n = 1 when the sum equals 13. 


Let p be a prime such that p = 1 (mod 3) and let q = |2p/3]. If 


EN oe git aes ae 
1-2 3-4 (q-l)q m 


for some integers m and n, prove that p | m. 

Solution. Suppose p = 3s +1, with s a positive integer. Then 
q = |2p/3| = |2s + 2/3] = 2s, 

and the sum from the statement of the problem actually is 


1 1 1 Lk. lol 1 1 
PEL ij Ne cxt ce ceu pue cs T 
1.2 3.4 (2s — 1)2s 2 3 4 2s—1 2s 
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2s 


So, we have to prove that if we write the sum y E as an ordinary 
k=s+1 
fraction, then the numerator of this fraction is divisible by p. But we 
have 
1 PE. ea) [s x) 
a eut xe 25 M L D p 
2s 2s 
1 E 1 ) 1 3s 1 
33 (imm) guis 
nE k 3s+1-k di k(3s +1- k) 


_i Y mue CN 
Tei k(3s -- 1— k) 


Thus we have written the sum as another sum in which the numerator 
of each term is p, and the factors from the denominators are strictly less 
than p (including the factor 2). This means that none of these fractions 
can be simplified by p, therefore the factor p remains after addition 
is performed, and cannot be simplified, hence the final numerator is 
divisible by p, as we intended to prove. 


For example, when p — 13 we have q — 8 (s — 4), and the sum from the 
statement of the problem is 


Sb chess e 1 + —— 1 =1- La 1 Lopiz Spona 
1.2 3.4 5-6 7-8 213-4175^57*7^8 
1.1.1 1 
Ze 6 qu E 
3 


E Ii: oris. gi Ms 
2.5.8 6.7 7-6 8-5) 
For the sake of completeness we prove the middle equality (but we proved 
it before in Example 4.6 — and we suppose that the careful reader already 
did it again), that is, in the general case, 
1 1 1 1 1 1 1 1 


teata cuu nag e icq pt 
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Indeed we have 


i 11 1 1 TETE TE TN ON n 1 på 
2 3 4 2s—1 2s 2 3 4 2s—1 ` 2s 
2 eee ee wE eee + l ! 

2 4 28] .— 2 3 4 2s—1 2s 
= eee ii zoa + l + Eu: 
9 s] s+1 s+2 25° 


M31. Prove that for different choices of the signs + and — the expression 
t142+---4+(4n+1) 


yields all odd positive integers less than or equal to (2n + 1)(4n + 1). 


Solution. This is clearly true for n = 0, so we will assume it true for 
n — 1 and prove that it also holds for n. Thus, the induction hypothesis 
says that the sums 

+1+2+---+(4n-83) 


produce (for various choices of the + signs) all the odd positive integers 
at most equal to (2n — 1)(4n — 3). Therefore, these numbers can be also 
achieved as sums of the form 


+14+24+---+(4n— 3) + (4n — 2) — (4n — 1) — 4n + (4n +1) 


as required. 
In what concerns the other odd positive integer until (2n 4- 1)(4n 4- 1), 
we first note that 


14-24 --- c (4n 1) 2 (2n + 1) (4n + 1). 


We can subtract 2j (with 1 < j < 4n + 1) from this sum and get a 
representation of (2n + 1)(4n + 1) — 2j, namely 


(2n+1)(4n+1) -22; =14+24+---+(9-1)-j+ (j 1) t (4n 1). 
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We have thus represented all the odd numbers (in decreasing order) from 
(2n + 1)(4n + 1) until 


(2n + 1)(4n + 1) — 2(4n + 1) = (2n — 1)(4n + 1). 
Now, by the same idea, we subtract from 
14+2+---+4n-—- (4n 4 1) = (2n — 1)(4n + 1) 


all the numbers 2k with 1 < k < 4n, and get representations for all the 
odd numbers 


(2n — 1)(4n +1) - 2k, k = 1,2,...,4n. 
Thus we have representations for all the odd positive integers from 
(2n--1)(4n--1) until (2n — 1)(4n + 1) — 8n = 8n? — 10n — 1. 


On the other hand, as we have seen in the beginning, all odd positive 
integers from 1 to (2n — 1)(4n — 3) = 8n? — 10n 4- 3 also do have repre- 
sentations. As 8n? — 10n +3 > 8n? — 10n — 1 the problem is solved. 


Let n be a positive integer. Prove that all binomial coefficients (i) with 
0 € k € n are odd if and only if n = 2" —1 for some nonnegative integer 
m. 

Solution 1. By Lucas's theorem, a binomial coefficient (2) is divisible 
by a prime p if and only if there exists 0 € i € s such that n; < ki, 
where n = no + nip t --- - ngp? and k = kg + kip +-+- + ksp? are the 
base p representations of n and k, respectively. It follows that precisely 


(no + 1)(ni 4-1) --- (ns +1) 


of these coefficients (namely those for which k; < nj for every 0 <i < s) 
are not divisible by p (and, consequently. 


n+ 1-— (no+ 1)(ni - 1)--- (ns 4- 1) 


are divisible by p). 
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Thus the given condition that all binomial coefficients (2) are odd can 


be restated as saying that 
(ng + 1)(n1 +1) (ns +1) 2 n 1, 


where n = no-- 112 4- --- -- n32? is the representation of n in base 2, with 
ni € {0,1} for all 0 <i € s. This is clearly true if 


n=2™-1=1424---42771 


has all its base 2 digits equal to 1. 


Conversely, assume that the equality 
(no + 1)(n1 4-1)--- (n; +1) 2 n4 1, 


holds for n = no + n12 +---+7,2°. Since each nj is either 0 or 1, this 
clearly gives n + 1 = 2™ with m being the number of those n; that are 
equal to 1; that is, we get n = 2” — 1, as desired. 

Note that, ifn, # 0 we have 25 < n < 28+! or 25—1 < 2™—1 < 25*1— ], 
hence we must actually have m = s + 1. 


For primes p other than 2, a similar argument works. If 2 < a < p, then 
n - ap^ —1—(p—1)-(p- Ip +--+ (p- Dp" + (a — 1)p", 
the equality 
(no + 1)(n4 4-1) -< (ng + 1)(ng +1) 2n 41 


holds. Conversely, these are the only cases where equality holds. 


Solution 2. Actually, a shorter solution can be given. It is clear, by 
Lucas's theorem, that for n = 2 — 1 all binomial coefficients are odd. 
On the other hand, if n is not of this form, than its base 2 representation 
n = no + N12 +- - n5,2? must contain a zero digit n; with 0 <i < s. 
Again by Lucas's theorem, we see that the binomial coefficient (2) is 
even. Nevertheless, the first solution provides more information about 
the binomial coefficients modulo 2 (or modulo a prime p, in general). 
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M33. For each positive integer n define 
| (n+1)(n+ 2)--- (n+ 2010) 
E 2010! ` 


Prove that there are infinitely many n such that an is an integer with no 
prime factors less than 2010. 


Solution 1. Note that a, is an integer because it is a binomial coeffi- 


cient: 
a = (n +2010 
OX 2010 J’ 


The numbers nm = (2010!)?m, with positive integer m will do the job. 
Indeed, we have 


(Nm + 1)(ng + 2) +++ (nm + 2010) = 2010! (mod (20101)?) 
yielding that 


(Mm +1)(Mm + 2) -- - (Mm + 2010) 


26101 =1 (mod 2010!). 


In particular, this congruence holds for any prime p < 2010, showing 
that the number 


2010! 


cannot be divisible by p (as being of the form kp +1). In place of the 
numbers Nm we can also take numbers of the form P?m, where P is the 
product of the primes less than 2010. 


Solution 2. We will use again the theorem of Lucas. We consider the 
product P of all the primes less than 2010, and numbers of the form 
ny = P*, with k > 11. For any prime p less than 2010 (therefore a factor 
of P) the base p representation of 2010 has at most 11 digits, say 


2010, = diodo . . . dido. 
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On the other hand, because n; is divisible by p™, it has all its last (at 
least) 11 digits in base p equal to 0, say 


(nk)p =d,...dy1 0...0. 
11 digits 


Thus, 
(nk + 2010)p =d,...d11d19...do, 


and by Lucas’s theorem 
(320) « 8-689) (8) wan 
2010 0 0 / \dio do 
and we finish the proof as in the first solution. 
The numbers a1,a2,...,a04 > 0 and by > bg > --- > bn > 0 satisfy 
a, > bı, a, tag > 04 + 09,..., 


ai +49 - +an > bi 4 3 b b bs. 


Prove that for every positive integer j, 
aja) roh >be +oh+--- +h. 
Solution 1. We use induction on j to show that 
a] +a +- tal mj) e) D) 


for each positive integer j. This is clear for 7 = 1, so we assume it to 
be true for some j, and prove it for j + 1. Note that, for any 1 € k € n 
the numbers aj, da2,...,a% satisfy the same conditions as a1, a2,...,@n, 
therefore the inductive assumption applies to them, too. Consequently 
we also now that 


a] o) bal zb] b, 
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for every k € {1,2,...,n}. Now, by Abel’s summation formula (twice) 
and the hypotheses (including the induction hypothesis), we have 


alb, + ajbo +--+ + ab, 
= (bı — b3)al + (b2 — bs) (a) -- a2) +--+ (bn-1 — bs) (a] J- a) 4- a, 4) 
--b, (a) + a) 4- --- -- a) 
> (bı — b3)b] + (b2 — bs) (bj +04) +-+- + (bn-1 — b) (Hf +0 9-9) 
Honi Hoe Ho) mU PP e PP. 


We also use the inequality between the arithmetic and geometric means 
to infer 


ja"! + pr > (j+ 1)a]by 


for every 1 € k € n. Adding all these inequalities and using the above 
yield 


n n n n 
jb + DHS G+ D aide 2G +1) DR 
k=1 k=1 k=1 k=1 


thus 


follows, finishing the proof. 


Solution 2. Note that we may assume without loss of generality that 
a, 2 a2 2°: 2>an>0. 


Consider the numbers 
E _ _j-1 , j-—2 j-2 j-1 
Tk =ak—bk and yp =a} +a “be +: +a, cb 
for k = 1,2,...,n. By the hypotheses we have 


zı +zt2 +- +2, >0 
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for all 1 € k € n and also 
y22-:-:29y. 0. 


Also, aj — bi = kyk holds for every 1 € k < n. Thus, by using Abel's 
summation formula and all the above observations, we have 


Mia -Ybl = mk = (n — y2) + (21 + 22) — 2) 
k=l 


k=1 k=1 
e Gnd x» ma) — Yn) 
T (£1 +22 +-+: + En)Yn = 0 


and the conclusion follows for every j > 1. 


Evaluate 


Solution. Remember that, for any z € R, we have 
oo m 
PETIT 
£m 
the well-known formula that defines the exponential, in which the abso- 
lute convergence of the series is also well-known. Thus, in particular, 
exu 
Yun 
m-0 ^C 


where the series is absolutely convergent. Consequently, for the series 
from our problem the (absolute) convergence is clear, too, and reversing 
the order of summation is allowed. And we have 


20) .0724102 052258 25 UY 
k=1 l=k =1 I>k l=1 1<k<l l=1 
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(Basically, the above line says that in the double sum every term 1/|! 
appears precisely l times.) 


M36. Evaluate 


! _ , 
er Cae) oed 
for any positive integer s > 2. Indeed, 
»» sit! Ex P 1 
(sti)! ^£ (t-1( 2) (t4 5) 


SX (Sern GED used) 
s-1£ (({+1)(¢+2)---@+s-1) (¢+2)(¢+3)---(¢4+8) 
s 1 1 

s—ls! s—l1l 

Now, for the problem, we have 


mi ML E 
Ex oco roe itl tits) 
2514 
iris 
a Ad a+1 


according to the above result, and to the well-known result about the 
most ubiquitous telescopic sum, namely 


oo 


1 
2p 


i—l 
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Note that the formula proved in the beginning can also be expressed as 


PNE S 
m s+t s—1 
S 


and that the sum can also be telescoped in the form 


M37. Prove the inequality 


oo 

Y aln 

e (k+1)vk 

We met this before as Example 1.22 (although there the inequality was 
stated for the partial sum of the series, basically we have the same prob- 
lem) and now we come with two more solutions. 

Solution 1. We have 


oo oo 


j+1 
D DUE Y oram 3 CES 


dx = 2arctan vz n s. 


|- (z GTDVE 3’ 


therefore 


co oo 
1 ird 1 1 
(k--1)Vk 2 *3y8" AV — (k+1)Vk 
gubua bu pedet 
2 3/2 4⁄3 3 
« 0.5 4- 0.4 3- 1.1 — 2, 
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as required, because 


1 1 1 1 11 
i ducto ol LU uc as ee hee qq 4 
3/8 4/3 3:14 4-17 42-68 ^ (e11 < ) 


and 7/3 « 1.1. 


oo oo 
It is not unusual to compare b» f(k) to / f(x)dx (actually, it is a 
1 


standard procedure). For example, if the function f : (0,00) — R is 
decreasing (as is f(z) = 1/((z + 1),/z) in our example), by the mean- 
value theorem for the Riemann integral (or just by the monotonicity of 
the integral) we have 


j+1 
IGEDE f fle)de < f(), 32 1 
Jj 
thus 


[tee < ora e [^ rens 
n jan n— 


follows by summation for j running from n to oo. For instance, the 
convergence of the generalized p—series, with p > 1 can be proved like 
this: 


and the divergence of the integral leads to the divergence of the p—series, 
too (consider the cases p — 1 and p « 1 separately to compute the 
integral — which is oo in either case). 
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Solution 2. This is the simplest of all proofs. Since 


2 2 2 


VECVETIC VEVERYVES VETT 
2 


^ EVE I( Vk --1-- Vk 4 1) 
1 


we have 
x 1 Ef 2 2 
Doa Ea Xn) 


Remember the identity from the Example 8.5 and use it to prove that 


ER 


Solution. This is the celebrated Basel problem, solved by Euler at the 
age of 28. We have already seen in Example 3.5 that, for a positive 
integer n, the numbers 


cot? 


kr 
=1,2,... 
qu 33 T 


are precisely the roots of the equation 


gael n 2n+1\ 4.4 2n+1 
= sae 1)" — 0. 
( 1 ): ( 3 ): petente doct 


(Remember that this comes from the formula - obtained from de 
Moivre's formula, and the binomial development — for the sine of a mul- 
tiple of an angle. Namely, we have 


sin mt = (1) cos"! tsint — S) cos" 7? t sin? t+... 
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thus, for sint 4 0, 


sin mt 
same = (T) ere- (Some 


Just put here m = 2n + 1 odd, and t = km/(2n + 1) in order to see that 
the n distinct numbers cot(kz/(2n 4- 1)), k — 1,2,...,n are the roots of 
the above equation.) 


'Thus, their sum is 


i 9 km 
p» cot mal 
k=1 


Also, we have 


n n 

k 2n —1 2n+2 
xcu ee 
k=1 k=1 per 

n+ T 
Now, the well-known inequalities sing < x < tan xz imply 
cot? x < E « m 
rz? ` sin? x 


for all x € (0, 7/2). Putting all these together yields 


7 2 kr _ 1 = 1 
2e e OU A 


2 
k- k=1 k=1 sin? 
2n+1 2n F1 
or A 
T? 2n(2n-1) Ya Ze 2n(2n + 2) 
6 (2n+1) gi (2n +1)? ’ 


for every positive integer n. All e remains to do is passing to the limit 
for n tending to infinity, and use the squeeze theorem after noting that 
both extreme sides tend to the same limit, 77/6. 
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Alternatively, we can use the formula 
n 
2k —1 
» cot? Qr Dr = n(2n — 1) 
k=1 " 
(how can it be obtained?) and the same inequalities as before in order 


to get 
2 n 2 


T^ 2n—1 1 T 
San 22k C8) 


Passing to the limit yields 


Basically these is the same as the Basel problem's formula, because 


2 9-2 creas = pig > EIP aT? ur 


k=1 ch 
hence 
oo 
dea - —1)? ~ 4 2 kZ 


We invite the reader to follow carefully d Sen too. 


Evaluate 


1 
eboymuo | 


V GUE 
(>) 2 pA Eb 
Solution. (a) As we know, we have 


2 
B+ k (FEED) ; 
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hence 
n n 2 
1 1 1 
Daraar Lia) 
k=1 k=1 
n 
1 1 2 
=4 ope ee T 
3 ares. Em) 
n 
1 1 1 
=4|2X ——14——-2[1-—- 
Lp CESE ( =i). 
so that 
oo n 
1 1 1 1 
eee a E A4|2 vl zm 
2 YE- FEE OQ e (n1) -2(1 =) 


-4 (F -3 


We used the famous result of the previous problem stating that 
oo n 
1 1 v? 
DD 
(b) Similarly, we have 


1)* n 1 [X 
ee reer dee ts ee 
13 4-23 4...+4 k8 "eri k k+1 


7 1 1 2 
sao (B+ gray ETT) 


1 z —1)"1 
ZI erm DEL (C - 2 


because 


(DF  GSEDF GIF «A (-1*, GC 
ae xe ee ee T 
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Je (cy 
—2 — (-1) ; 
reri n+1 


By passing to the limit, we get 


3 (-1)* 
= = 4(Aln2 — 
M re ges enge 
if we use the well-known result 
n n 
(-1)*1 (-1* — 
» i re De E — —]n2. 


k=1 


We saw this at the start of Chapter 6, by recognizing a generating func- 
tion. Here is a sketch of another possible proof. We have 


T (s n 1 1 n 
PE E -Ye»e[ ss | 3 o2) Vda 
k=1 k=1 9 0 k=1 
14. (_»)\n 1 l( Yn 
zJ = | eu | C^ 
0 1l+z2z 0 1l+2 0 1-c-z 
1 (-)^ 
=m2- f dz. 
0 


l-c-z 


We let the reader show that the last integral has limit 0 for n tending 
to infinity (just notice that its absolute value is bounded from above by 
1 


z"dx, which tends to 0), and thus prove the claimed result. 
0 


Let T be the set of all triples (a,b,c) of positive integers such that a,b, c 
are the lengths of the sides of some triangle. Evaluate 
Y owe 
brc' 
(a,b,c) eT P 


Solution. It is well-known that a, b, and c are the sides of a triangle if 
and only if there exist positive k, |, and m such that 
T UL | ktm _ k+l 


5 pic and c= ——. 
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In fact we have 
k=b+c-—a, l=a+c—b, andm=a+b-c, 


so that, if we need a,b,c to be positive integers, k,l,m must also be 
positive integers, and they must have the same parity. Consequently we 
have either k = 2p — 1, l = 2q — 1, and m = 2r — 1 (thusa=q+r-l, 
b=p+r-—1,andc=p+q-1), or k = 2p, l = 2q, and m = 2r (hence 
a=q+r,b=p+r, and c= p+ q), in both cases with positive integers 
p, q, and r. Accordingly, we have 


9qrr-l 9q*r 


Qa 
2 3b5c zx D 3p+r-15p+q-1 + 3p+r5p+q 
(a,b,c)ET paq,r21 pq,r2l 


2-1 9qtr 
= t + 1) =o 
3-15-1 3p+r5p+q 
p,q,r21 


-5 X (as) 8) G) 


DpQq,r2l 
Sx ERU. 
"ed 19 q21 9 r>1 3 
i 2 2 
1 15 08 3 -Y 
2 1 2 2 201 
je ee pe 
15 5 3 


Of course, when we wrote 5 we meant that the sum is over all possi- 
p,,r21 

ble triples (p, q, r) of positive integers — that is why it can be expressed as 

the product of the three geometric series, each over all positive integers. 

The problem was in the Putnam Competition in the year 2015. 


M41. Prove that the inequality 


ES n—1 n—1 
+(2) ee (2) > titanate tan _ 
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holds for any positive real numbers aj, Q2,...,@n- 


Solution. We prefer to denote zı = (/a1,x2 = a2, ..., Zn = an and 
thus to prove that 


—1 —1 —1 
T2 T3 zi 2122: 


for any positive 21,22,...,Zn. 


We use the inequality between the arithmetic mean and the geometric 
mean of n(n — 1) positive numbers to get 


n(n—1) n(n—1) n(n—1) ER 
(n—1) (8) +(n—2) (2) +4 (74) 420-0 


T2 BH 


2129::*Zq 


(25-0 of the numbers are equal to 1). This yields, by cyclic permu- 
tations of the variables, n — 1 more similar inequalities . Now one can 
immediately obtain the required inequality by adding up all these n 


inequalities (of course, after dividing the result by nin), 


This is problem 11193 from The American Mathematical Monthly, De- 
cember 2005. A solution by Koopa Koo, based on the same ideas, can 
be found in the 2017 August-September issue of the same Monthly. 
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3 Solutions to Hard Problems 


H1. Find all positive integers n for which 


1 1 1 
— 4 — 4 — | s. 4 PT 
w= (iei) (2443) (n*+3) 


is the square of a rational number. 


Solution. Suppose n > 2 (since for n = 1 one sees directly that N = 5/4 
is not a square). If N is the square of a rational number, the same is 
true for 


(2")?N = 4"N = [[(4k* +1) 
k=1 


(2k? — 2k + 1)(2k* + 2k +1) 


I 
Ls 


k=1 


(2k? — 2k + 1) (2(k +1)? — 2(k +1) +1) 


Il 
r= 


3 
Il 
En 


n 2 
- (Ire — 2k + ) (2n? + 2n 4 1). 


k=2 


(We have seen this trick before, haven't we?). 

From N being a square it follows that 2n? -- 2n +1 must be the square of 
a rational number, too, and, because 2n? + 2n + 1 is a natural number, 
it actually must be the square of a natural number. 

Conversely, if 2n? + 2n + 1 is the square of a natural number, then 4” N 
is the square of a natural number and, consequently, N is the square of 
a rational number. So, basically, the numbers that fulfil the condition 
from the statement of our problem are those n for which there is some 
natural number m such that 2n? + 2n + 1 = m?. For instance, n = 3 is 
such a solution, for which N = (5? - 13/8). 


Now we can see that the equality 2n? + 2n +1 = m? is equivalent 
to (2n + 1)? — 2m? = —1, hence any solution (x,y) of the Pell type 


2 
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equation z? — 2y? — —1 produces a solution (n,m) of the equation 
2n? + 2n + 1 = m? if we take n = (x — 1)/2 and m = y (clearly, x must 
be odd). From the theory of the Pell equations it is known that the 
solutions for z? — 2y? — —1 are given by the formulae 
1 
2-5 (a +v% 4 (1 — yam ; 
1 
= c (ava -a- vay), aen. 
y= gg (G+ vO -a- vae), q 


So, finally, the numbers n that we are looking for are those of the form 
n= i (Qe var ca - vam -2), 


where q is any positive integer (q = 0 yields n = 0, too, which is not 
acceptable). Thus the first such n is 3 (as we already said), and the next 
one is n — 20. 


Let ag > 2 and a441 = a2 — an +1, n 2 0. Prove that 


n 


log; (an — 1) loga, (an — 1):-- log, (an —1)2n 
for all n 2 1. 


Solution. If ay > 2, we also have ap > 1, and an immediate induction 
shows that an > 1 for all n, hence the logarithms are well-defined. Also, 
logan > 0 for any n, if log denotes any logarithm with basis greater than 
1 (for example, the natural logarithm). Thus, the inequality to prove 
can be rearranged as 


log(@n — 1) log(an —1) ^ log(as — 1) Sn” 
log ao log a1 logan-ı ` 


1 
«» (log ao log a; - -log an—1)7 < z Ieg(an — 1). 


By the inequality between the arithmetic and geometric means for the 
positive numbers log ao, log a1, . . . , log an_1, we have 


1 
(log ag log a; -- -log an—1)" < z o8 ao + loga; +--+ + log an-1) 


1 1 
ie log(aga1 - - - an—1) € z leg(as — 1). 
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So, we have our problem solved if we prove the last inequality, which is 
equivalent to a901--::à4—, € an — 1. But the recurrence relation for the 
sequence (an)n>0 can also be written in the form 


—1 
0 Ok41 ok 


= zT 
Qj —1 


and, if we multiply these equalities for k running from 0 to n — 1, we get 


Q001*''Qn—1 = 


because ag — 1 > 1, by hypothesis, which is precisely what we intended 
to prove. 


Let a be a real number greater than 1. Evaluate 


ur 
k=1 a? = a? +1 


Solution. By repeatedly using 


1 D+ cen 00 
a?-a-c-1 at—-a+1 at+a?+4+l1 


ou remember (a^ —a+1)(a*+a+1)=a*+a* +1, don't you’), or 
y ber (a? 1)(a? 1) = af +a? +1, don't you? 
by inducting on n, we get 


" un a 9ng2^—1 
p* ——  =(- 1j. ssl 
vL -Me» ms a2*- E ( e e eT 


Because for a > 1 we have 


1 n 
"E a 
1 
CE NL: A 
n>% a?r -- g^ -- 1 noo 1 1 
Edo d 
a a 


the right-hand side of the previous identity also has limit 0 when n — oo. 
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Consequently, the required sum is 


oo TES gk-1g2* 1-1 T = 1 ao 1—1 
—1) T — ——— = lim 1)" — 
2 ) a2! — q2*-} +1 o» — q2*- 141 
i 
~ a +a+i’ 


H4. For a nonnegative integer k, define Sy(n) = 1* +28 +--+ n*. 


Prove that 
1» ) se(n) = (n 4 1)". 


Solution. This is just a reminder (we did it before at the start of 
Chapter 1). We have 


Sao- SOS EO 


k=0 k=0 j=1 j=1 k=0 
k 
- M (G1) -j") 2 (n 17-1, 
j=1 


as required. The following recurrence for the sums S;(n) also holds: 
Sr4i(n) — oi Sr(n) + e58,—1(n) — +++ + (71) or51(n) 


_ (nt 1)n(n - 1) (n—- 23 

i r+2 
for positive integers r and n, where c; is the sum of all possible prod- 
ucts of k distinct factors chosen from the numbers 1,2,...,r (the kth 
fundamental symmetric sum of the numbers 1,2,...,r), for 1 < k <r. 
Indeed, 


Sri (n) — 018, (n)  o58,1(n) — + (71 orSi(m) 


cM cm um M ers 
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H5. 


- M (eof + 09971 — +--+ (-1)" of 9) =X 5G- 1D) G-r) 
j=1 


‘Gat pe en) G >a 24) 


£ (n+ 1)n(n-1)--(n=r) 
r+2 


Get a slightly different recurrence by using the similar formula 
TEF qun ee Orn AE 


For instance, when r = 2, we have o? = 1 + 2 = 3 and of = 1.2 = 2, 
therefore we get 


(n+ D)n(n — 1)(n — 2) 


S3(n) — 3S9(n) + 2S1 (n) = 4 


By replacing here $4(n) = n(n + 1)/2 and So(n) = n(n + 1)(2n + 1)/6, 
we get Ss(n) = (n(n + 1)/2)?, as we know. Use this recurrence formula 
to find S4(n). 


Find all positive integers n such that 


m 
n = IIo; +1), 
i=0 
where Gm@m—1---ao is the decimal representation of n. 


Solution. For m = 0 there clearly are no solutions, so that we assume 
m > 1 (that is, n has at least two digits). 
We have, for a solution n = G@mGm_1.-- 40, 


üxgacpo dU 5 < ucamnqag- (am + 1)(am-1 + 1)--+ (ag + 1) 
< (am + 1)(am-1 + 1) - 1077. 
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The first inequality comes from the fact that all digits are at least 0, and 
the second one is due to the fact that the digits are at most 9 (we use 
these bounds for the last m — 2 digits). Consequently 


10am + @m—1 = Gmám-1 € (am + 1)(@m-1 + 1), 


which is equivalent to 
(9 = r1 )Um <1. 
Since both 9 — am_1 and am are from the set {0,1,...,9}, the last in- 


equality is possible for either am = 1 and am—1 = 8, or a1 = 9 and 
am any other digit. 


In the first case the above inequalities become 
18-10"! < 1824, 5...a9 = 2:9: (as 2 + 1) -- (ao +1) < 18- 1071, 


That is, they must be all equalities, which is possible if and only if 
Qm —2,...,Q9 are all 0, and, simultaneously, they are all equal to 9. Of 
course, this can only happen when m = 1 (so there are no a4 5,...,ao) 
— that is we get the solution n — 18. 


In the second case the equality 
ümüm-1---.d9 = (am +1)--- (ao + 1) 


forces ag to be 0 (because there is a factor of 10 in the right-hand side), 
which makes the right-hand side at most equal to 10". On the other 
hand, the left hand side is at least 19 - 10771, as am > 1, and am_1 = 9. 
Since 19-1077! > 10” the equality is not possible in this case. The only 
solution remains the number 18. 


Let 
k 


a = >: 
(k — 1)8 +k3 + (k+1)3 
Prove that a1 + a2 +---+ag99 < 50. 
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Solution. We have 


< Li 5 z n 
pan (k — 1)8 + (k? — 1)8 + (k + 1)3 
999 k ((k-+1)8 — (k-1)8) 

x 2_(h_1)2 
25 (k+ 1)? —(k=1) 
p22 2 2 

- i13. (&90$-(-11) 

k=1 
-1 (1000 4- 9993 — 13 -of) 
< $000 - 100 — 1) < 50. 


H7. For a fixed positive integer a define the sequence 


an = | (a+ exi +(5) | ,n>0. 
oo 
1 
rere 


na e 14n+1 


Solution. We show first that 


n n 
an = (a+ a? +1) + (a- a? +1) 


Prove that 


for every n > 0. Note first that, by the binomial theorem, the number 


n n 
bn = (a+ a? +1) + (a- a +1) 
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is an integer, for each n > 0. Thus we have 
n IN”? 
an = (a+ a +1) + G) | 
n 1 R 
=bn + |- (a- a? +1) + (3) | 
= bn, 


if we prove that the last integral part is 0. Observe that 


for n > 0, as a > 1 and Va? + 1 > 1. Now we have, for odd n, 


e- Ve) (y = VET- «(3 G) E 


2 2 2 


and 
n 1\” n 1\” 
- (a- Ve? +1) + (5) = (vaæ+1-a) + (5) > 0. 
For even n we have 
n n n 
- (a- LESE G) = G) = (ve *1-a) < (3) <1 
and, also, 


- (a- axi + (3) = (5) - (VEFi -a)" > 0. 


2 2 


n 1 T 
Thus in both cases the expression — (a — Va? + 1) + (3) is between 


0 and 1, therefore its floor function is 0. So, 


an = (a+ Vo? +1)" +(a- vai) 
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n n 
for every n > 0. Because (a + Va? + 1) and (a — Va? + 1) are the 


roots of the quadratic equation z? — 2ax — 1 = 0, it follows that the 
numbers an satisfy the recurrence 


0544 — 200 — àn-1 = 0S Gn41 — Gn—1 = 2005 
for n > 1, hence 


= 1 l 2aa. 01 & any — Uni 
2 aa CRI NI Ln I 


aai Qn—10n4-1 zi Gn —10n0n--1 = Q5 10n0n-4-1 


-1 » 1 1 \_1 1 _ 1 
— 2a az] Mn-10n — AnOn+1 ~ 2a aga, — 8q2? 


because ag = 2 and a, = 2a. 


Evaluate 


where a # sr, with s any integer. 


Solution. Remember (and prove!) the formula 
tan xz = cot x — 2 cot 2x, 


according to which we can write 


1 a 1 a 1 a 
> 3 = 2k Cb og — 2&-1 © Ot SET i mU hou EL 
k=1 


Consequently, 


oo 
X E ee = lim l N bc dtu -———— 
= 2k 2k 2n 2n a i 


This is because we have the well-known limit 


x 
lim z cot z = lim =1 
z—0 zr—0tanzaz 
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yielding 
n—oo 2r ^ n- 0o a i 2n gn 
(as a/2” — 0 when n — oo). 
H9. Let n be a positive integer. Prove that 
n—1 2 
k—1 k+1 2 2 
II (2s? iile CN RUE LN. =) = (1 — cos” =) 
n n n n 
k=0 
Solution. As we know, we have the factorization 
n—1 
2 2 
sexe lI (2-os T - isin =") 
E n n 


for any complex number z. Taking the absolute values, we get 


2 
2kr .. 2km 
z — cos —— — isin —— 
n n 


? 


hence j 
a 
2k 
[aeq] es II (2 — 2z cos —— + 1) : 
n 
k=0 
when z is a real number. 


For z = cos = 2n we get 
= 2k 
(1 — cos" 24] = JI (se? M 2e ¢ os ET +1) 
n 
k=0 
n-1 
= (cos? E eo E-I — oos PREDE 4.1) 
z n n n 
n—1l 
1 
-Il (2 sin? a + 2sin? (e+ Un — sin? x) 


after a few simple trigonometric transforms, as desired. 
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H10. Let m and n be integers greater than 1. Prove that 


1 2 
NE cos (k1 et e+ nk) o. 
kitkat e pRa ee ke kro er la " 


Solution. The sum is over all n-tuples (ki, ko,...,kn) of nonnegative 
integers that sum to m and we first observe that it represents the real 
part of 


1 ei(kit+2ko+--+nkn) 22 


APREA 
kitkat+kn=m,ki kz, kn >20 12 > 


1 ani \ ki/ o 22i k2 n. 2ni Rn 
= Y cS PES e^ n see fen 
mec ) ( ) ( ) 
ki -ka4-- ks m, ki ko ,..., kn 20 


1 
= uu rete) 


for w = em. Thus we arrived at the sum of the nth roots of unity, 
which is well-known to be 0, hence the conclusion follows (and we see 
that it remains true if the cosines are replaced by sines, too). We used 
the multinomial formula 
m! 

——— Qa! ee akn— (zitz24- 424)". 

ky!ko!--+ kn! 
kitkat--+kn=m,k1,ke,....kn20 


H11. Let X be a set with n elements. Prove that 


3 iYnz|2n- 47. 
Y,ZCX 


The sum is over all possible pairs (Y,Z) of subsets of X. 


Solution 1. First we note that if M is a finite set with m elements, 
then the number of pairs (A, B) of disjoint subsets of M is 3”. Indeed, 
we can choose A having k < m elements (from the m elements of M) 
in (7) ways. Once we chose A, B can be any subset of the complement 
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M \ A of A with respect to M. Since M \ A has m — k elements, there 
are 2™-* possibilities for B (for every subset A of M with k elements). 
Thus the number of such pairs (A, B) is 


5 a) gmk — (2 41)" = 3". 


k=0 


Now we evaluate the sum from the statement of our problem in the 
following way. For a given subset S of X, we can have Y N Z = S for 
Y,Z C X in as many ways as there are pairs of disjoint subsets of X \ S. 
(This is because Y N Z = S is possible if and only if Y = SUY; and 
Z = SUZ, for mutually disjoint Yı and Z1 with elements outside S.) 
According to the observation from the beginning, we see that there are 
3IXI-ISI pairs (Y, Z) of subsets of X such that Y N Z = S. Of course, if 


S has k € n elements, it can be chosen in ( À ways, and it contributes 
to the sum with an amount of k. All these being said, we can calculate 


n n 
Y Ynz- 2 - XH aet 
k=0 k=1 


Y,ZCX 


As we have previously seen, by differentiating 


n 


>» o - (14-2)? 


k=0 


(with respect to the variable x), we get 


» (7) al = n(1 + z)^71, 


k=1 
therefore we also have 
= n 
VE k (5) z? = nz(1-- z)^7l. 


k=1 
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For our sum we can write 


n n k n-1 
N \ an—-k n n 1 n 1 1 n—1 
= = = :m:—[120-—- —n-4 
Lefi) 3 Deli) G) 3".n 3 ( + i) n ; 


which is precisely the claimed result. And here comes the simpler proof. 
Solution 2. 


3 Ynz- i1 


Y,ZCX Y,ZCX zcYnZ 


zx Y bes c acp Edu 


r€X zcY rEZ rcx 


where we have used the fact that 


S leg ieo 


rcY LEZ p 


which just says in formulas that each x € X is in exactly 2”~! subsets 
of X. 


H12. Evaluate the sum 


Solution. Remember that 


vn E0-0-0- 0-0 


and 
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hence 
Am 4m. Vs M EL "v ee Rok 
(1i (0 — i) 2005 (5) C) (3) + ) 
Since S: D 
Am eg mar. MT 
(1i)” 22 (cos 1 +isin 1 Ji 
we obtain 


2 (5) z " : i + i) - (F) es = 2 eos E, 


Now remember the simple formula 


(2) 71) 


and utilize all that to evaluate the given sum: 


$, = Y (1-125 - 1) bsc i Se = a 


k21 k21 
.(m—1 n-1 (n — 1)r 
= _1)3 = VET 
-25K i (^, ) =n cos 7. 
j20 


Of course, the sums are not infinite: at a certain moment the binomial 
coefficients become 0. For instance, by 


DOD ek- R 


we actually mean 


L(n+1)/2] u " 
D cocos p(u" 4) 


k=1 


since the binomial coefficients with 2k — 1 > n are all 0. The condition 
2k —1 € n and its analogues for other similar sums are somehow taken 
for granted in such wording. 
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ps : (sme (8528). 


Solution. We already proved a general result on sums of this type (in 
Example 3.7), namely 


sd k) Ü E (o B (i) j (a) t ' iet IT og us 


Of course, there exists à more general formula, and this is 


eda () E ()* en) rere 


jn (n—2r)jn 
=T Tee cos ; . 


H13. Prove that 


(Again, the sums are finite.) Let us remember how we did in the case 
r = 0, by proving the general formula. We use the kth roos of unity, 


2j 2j 
ej = cos 37. + isin SE, p20 dico Rc. 


and the fact that their power sums with integer exponent t are 
Y tf 0 if ktt 

fw J | k if kit. 

j=0 


Thus we have 


k—1 n n k—1 
= n = 
€; Qe) = 3 Ez” 1 ()s- C) J Ez 
j=0 j=0 s=0 s=0 j=0 
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Now the inner sums are not 0 (in which case they equal k) precisely 
when s z r (mod k), therefore the above becomes 


k—1 
n 
EN E Y uj 
j=0 l=r (mod k) 


In order to obtain the desired formula we still need to note that, actually 
(being a real number), the sum from the right-hand side is equal to the 
real part of the sum from the left, and that, by using 


25 Q a .. «€ 
1 + cosa + isina = 200s Z (cos 7 isin 5) 


plus de Moivre’s formula and complex multiplication (in trigonometric 
form), we get 


Ez (1+ ej)" = 2” cos” (cos REIR -2ni +isin ear 


For instance, let us consider the case k = 3 when we have the three sums 


s= Y 9 r —0,1,2. 
l=r (mod 3) 


The three roots of unity of order 3 are £o = 1, 


E LU E and € NNUS sd 
PUO 3' abd 3^ 


By the binomial formula and the fact that ef = 1, 
So + $1 + S2 = (1+1)” 2 2^, 


So + €161 + ES = (1 +€)”, 


and 
So + £391 + £285 = (1 + £2)”. 
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In order to solve for Sı we need multiply the three equations with £g $ 
(that is by 1), with gr and with £3 ! respectively then add and note 
that the coefficients of Sg and S2 become 0, while the coefficient of S1 
will be 3. Thus we get 


3$; = 2" E e1(1 c e)" e (1 + e2)”, 
and further, by trigonometric and complex numbers calculations, 


(n — 2)r 4. 2^ cos” 2m os 2(n — 2) 


T 
—9^n 9n n ^ 
39, = 2" + 2" cos 3 cos 3 3 3 


If we take into account that 


cos CURED Ls — cos (e — 2)r — a) = (—1)"? cos ieee 


3 3 3 
(n — 2) 
= 1)” 
(-1)" cos EA, 
and 
Geiss eet | 
3 -2' 3 2' 


we finally obtain the formula 


Em (0*0) (D = 5 (2+ 20002) 


Similarly we can get 


So = (o) + (5) $ (5) gs = 5 (m 257) 


and 
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2069 


for any nonnegative integers m and n. 


Prove that 


Solution. If we want to choose an m—element subset of the set 
(1,2,...,2n) we can choose arbitrarily (for any 0 € k < m) a 
k—element subset of (1,2,...,n) (and this can be done in (7) ways), 
then we complete with m — k elements also arbitrarily chosen from 
{n+1, a ., 2n} (which action can be performed in (,,",) ways). So, 


there are So ) ways to chose m elements of the set {1,2,..., 2n}. 


On the fe hand, we ^) definitely counts the same thing. Thus, as both 
sides of the identity count the m—element subsets of {1,2,...,2n}, they 
are, indeed, equal. Of course, this is a particular case of Vandermondels 


identity 

x 0-07) 

ikjec N 4 M d 
(a, b, and c are nonnegative integers and the sum is over all pairs (i, j) of 
nonnegative indices that sum to c), which we met (and proved) before. 


Here we provided the purely combinatorial approach and we invite the 
reader to extend the proof to the general case. 


Let n be a positive integer. Prove the combinatorial identity 


X ur eee) 


Solution. Let M = {1,2,...,n} and N = {n+1,n+2,...,2n}. We 
count the number of ordered pairs (X,Y) of subsets X of M and Y of 
n 


XUN, Y having n elements. First, this number is p» (2) [REN , because, 


k=0 
for each 0 € k € n, we can choose a subset with k elements X of M in 
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H16. 


(2) ways, and once this X was selected, we can choose Y (a subset with 
n elements of X U N) in ("**) = (sre Ways. 


On the other hand, we can first pick up Y as a subset of M U N. More 
precisely, we first choose Y N N as a subset of N that can have any 
number k < n of elements from the n elements of N — and this can be 
done in i] ways. The remaining n — k elements of Y can be chosen from 
the n elements of M in (,",) = (7) ways, and for each of these choices, 
X can be completed with some of the other k elements of M (other than 
those already put in Y) in 2* ways. Thus a pair (X, Y) of sets X C M 
n 


and Y C XUN with |Y| = n can be also chosen in p» 2% o ways, and 


k=0 
the equality of the two sums follows from this enumerative argument. 


Prove similarly the slightly more general formula 


EC) ESO. 


Let n be a positive integer. Prove that 


hence 


t 


where, at the last step, we changed the variable with x = 1 + t. 
By developing (1+ t)” with the binomial formula, and after simplifying 
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by t, we get 
woh ROn- OME 
as desired. 


Solution 2. An elementary approach is possible, too. Let Sn» denote 
the sum from the left-hand side. We have Sı = 1 and (by the recurrence 
formula of binomial coefficients), 


ntl k-1 
E (—1) n n 
Sv =D x) tpud 
k=1 
Actually, for k = n+ 1 the formula only gives 


(eg aie qas ed 


so that we further can write 


juu EB EPI 


k=1 


Now from Sı = 1 and $441 = Sn + 1/(n + 1) for n > 1 the conclusion 


1 
Spelt oka 


3 


easily follows by induction. 
Note that we used 


i) = zu) and S e»(t! =0. 
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Let (Fn)n>0 be the Fibonacci sequence defined by 
Fo =0, Fy =1 and F445 = Fn41 + Fn for n 2 0. 


Prove that 


>. (" n ") = Fa 


k>0 


Obviously, the sum lasts as long as the binomial coefficient is not 0 (that 
is, as long as n — k > k). 


Solution. If we denote by 


we see immediately that So = 1, S1 = 1, and (by the binomial recurrence) 


VECÓ-ECTO ECS) 


k>0 k>0 k>1 
eC er uan) 
k>0 k>1 

n—1 + Sn-2 


for all n > 2. Since So = Fi, $1 = F5, and the sequences (Sn)n>0 and 
(Fn+1)n>0 satisfy the same recurrence relation, they must coincide, that 
is, Sn = P444 for every n > 0, as required. 


Cee ey 0.8 


Solution. That is, we are asked to evaluate 


Da 


k>0 


Evaluate 


300 Chapter 9. Solutions 


elegram.me:@matn_Dooks 


which suggests us to consider the more general problem of evaluating 


the sum 
$9 = Y (^, * at. 


k20 
With this notation, we must determine S,(—1) (after we found, in the 
previous problem, that S,(1) = P441). A recurrence relation can be 
obtained exactly as in the preceding exercise: 


&9-Y(: R= » 253 e 


k>0 k>1 
n—l- Jj k p =) i 
-5 53 z 
D k k>1 k-1 


= Sn-1 (x) + 2S4-2(x) 
for all n > 2. 


In the particular case of x = —1 we have So(—1) = $1(—1) = 1, and the 
recurrence 


Sn(—1) — $4 .1(-1) + Sn-2(—1) = 0, n 22 
has the characteristic equation t? — t -- 1 = 0 with roots 
cos 3 +isin = 


Therefore 


Sn(—1) = A cos > + Bsin E 


for all n > 0 and appropriate constants A and B which can be determined 
from the initial conditions. Finally we get 


»» 9) 4 k *) = S4(—1) = cos TH sin E E Va cos — — 
k>0 

A period of 6 is immediately detected, based on the periodicity of the 
trigonometric functions. More precisely Sn+6(—1) = Sn(—1) for all 
n > 0. The sequence starts 1,1,0, —1, —1,0, then these values repeat 
indefinitely. For instance, Sgm(—1) = 1 for every nonnegative integer m. 
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H19. Partition the set of positive integers into n > 1 arithmetic progres- 


sions with first terms a1,02,..., a4, and common differences di, do, . . . , dn 
respectively. Prove that 


Solution. Note that we must have a, < dy. To see this, suppose 
the contrary a, > dk. Then x = a, — dj must be contained in some 
arithmetic progression, say the i-th, and we must have i Æ k since z is 
below the start of the k-th arithmetic progression. But then 


x + didk = ak + (di — 1)dk 


is in both the i-th and k-th arithmetic progressions, a contradiction. 
From this it is not hard to see that among the first N = didz- dn 
positive integers there are precisely N/d; numbers belonging to the pro- 
gression P, with first term aj and common difference dg. This is why 
we have 


N n n 
NUI => j=), 2. (uw + ide) 
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by using the hypothesis and the observations from the beginning. 
This can be rearranged as 


(n+1) | Y ak 
2 ici de 
and the problem is solved. 
Let ay € ag € +++ € an and by, bo,...,bn be positive real numbers such 


that 
ài T a3 +: +ak 2041-09 o by for alll € k € n. 


Prove that aiaz: -an > bibo- -- bn. 


Solution. We have 


1 /b b b. 
Yaa an > Varaz in (2424-42) 
1 


= Vibo bs, 
whence the required inequality immediately follows. The second inequal- 


ity that we used is, of course, the AM-GM inequality, so we still need to 
explain the first, that is, to prove 


For this one we use Abel’s summation formula and the hypothesis: 


b b b 1 1 1 1 
zemeeer-(L-i)we€(i-i) (by + bo) +- 


al a2 an a2 


1 1 1 
«( =) bate ea) + Rat ba sch) 
n 
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1 1 1 1 
< (z-ije*(i-i) mem 
a1 a2 a2 


1 1 
+( ZI 
n 


Qn—1 an 
and thus we are done. 
The problem was proposed by H.A. ShahAli in Mathematics Magazine 
— as Problem 1862 in the February issue from 2011. The above solution, 


by Omran Kouba, appeared in the February issue of the same Magazine 
from 2012. 


H21. Prove that Carleman's inequality, that is, 


oo oo 


Vai182--:-ay < eX ar 
k=1 k 


=1 
holds for every positive real numbers aj, a2,.... 


Solution. For positive real numbers b1, b2,... we have 


Y a1b1a3b3 - - - akbk = 

EN ES A NI de 
UR. = e VERE Yosh 
z 1 


ajhj 2 WARTE ; kV bibo -- 


by using only the inequality between the arithmetic and geometric means 
of some positive real numbers, and by changing the order of summation. 
You can see here a similar trick as in the previous problem in applying 
the AM-GM inequality, which will be completed by a clever choice of 


the numbers 51,05,.... Namely, we take 
dT 
jo ji 


for j = 1,2,..., for which 
bib b = (k +1)*, k— 12,.... 
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We thus get 
co oo . 
(j *- 1y 1 
haaa. -a < j 
2. Eun mS as po 24k) 
c UNE V 
=>) oj jii jo j e 
j=l j=l 


which is a little stronger than Carleman’s inequality. Indeed, it is well- 
known that the sequence with general term 


045) 
J 


is strictly increasing and convergent to the number e, therefore all its 
terms are less than the limit: we have 


1 j 
(1+3) <e 
J 


for every positive integer j. Consequently the inequality follows: 


as desired. 


It can be shown that the constant e is optimal (i.e., the smallest possible) 
in the sense that if, for some C, the inequality 


oo oo 
NI LES 
k=1 


k=1 


holds for any positive real numbers aj, a2,..., then C > e. For example, 
choose aj = 1/k for k = 1,2,...,n and ap = 0 for k > n, then let n — oo 
to get this result. 
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H22. Prove that 


2 


S ) 
| vj =" n(4n? SEM 


n 
k=1 


Solution. We know that [vk] = j if and only if j < Vk < j + 1, that 
is if and only if j? < k < (j + 1)?. Thus, for being able to evaluate the 
integer parts we write the sum as 


n? n—-1 (j+1)?-1 n-l (j+1)?-1 
[v= E [vel + v] E YD ies 
k=l j=l k-j? j=l k=j2 
n—1 n—1 n—1 
=SliQitltn=25°7 +> j+n 
j=l j=l j=l 
| n(n — 1)(2n — 1) Es n(n — 1) 
3 2 
. n(4n? — 3n +5) 
$ : 


+n 


A question rises naturally: what if the sum is from 1 to some arbitrary 
number (not necessarily a square)? The answer is that a formula exists. 
We have 


y | val TE 2s iCusD C RE 


k=1 B 
for q = | /m]|. The simplest proof goes like this: 


Y|é-YX X: X X3 


k=1 1<k<m 1<j<Vk 1<j<Vm j?<k<m 
= M3 (m+1-7?)= M (m+1-3°) 
1<j<J/m 1<j<q 


q(q+1)(2¢+ 1) 


=(m+1)q- 6 
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The method used in the particular case works in the general case, too. 
We have (for q = |/m] , hence for q? < m < (q + 1)?) 


q-1 (j+1)?-1 m 


DM-E x ex 


k=1 j=1 k=)? k=? 
1 


j(2j +1) c q(m -1— q?) 
= 
a(q + 1)(2q + 1) 


=(m+1)q- 6 


after a few simple computations — which we invite you to do. Also, check 
that the particular formula matches with the general one by replacing 
m = n? in the late. Finally, you may wish to prove the (particular or 
general) formula by induction. 


H23. Let p and q be relatively prime odd natural numbers. Prove that 
i en 

k l — 1)\(q— 1 
EE een 
k=1 ii L9 


Solution. We have 


zi —ı |kq 
E bs E E3 
D#5 $u- x ex d 
k=1 p k=1 l=1 1<k< P7} iik || 1sk<& 1<l< #4 
-5 5- 
1XI«$ Pck<B 1< [pasen 
c E lp -1 p-1 ~1 |i 
F rs kal ENEN DA k 
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e hat St H 
2 2 » q 
as desired. We used the fact that, for natural numbers k and | we 
have k < p/2 if and only if k € (p — 1)/2, and l < q/2 if and only if 
l < (q — 1)/2 (because p and q are odd). We also used the fact that 
no kq/p with 1 € k < (p — 1)/2, and no lp/q with 1 € l € (q — 1)/2 
can be an integer, as p and q are relatively prime (actually this holds for 
1< k< pand 1< l< q respectively). 


One can figure out a geometric proof, too. Namely, consider in the xy- 
plane (with origin O) the points P(p/2,0), Q(0,q/2) and R(p/2,q/2). It 
` is easy to see that the number of points with integer coordinates (lattice 
points) that lie inside the rectangle OPRQ is (p — 1)(g — 1)/4. On 
the other hand, there are no lattice points on the diagonal OR of the 


rectangle, there are 
-1 


xl 
k=1 p 
lattice points inside the triangle OPR, and there are 


4-1 
3H 
ii Ll 

lattice points inside the triangle OQR. The conclusion follows by equat- 
ing the two expressions of the number of lattice points situated inside 
the rectangle OP RQ. Of course, we invite the reader to prove all these 
statements. Also, we invite you to prove (by using the first method) that 
the more general identity 


$ 
l 

Pie cd dl 

ki LP ij LI p 

holds for any positive and relatively prime integers p and q (not neces- 

sarily both odd), and any 1 € r « p. 


sè 
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H24. Let p be an odd prime. Prove that 


H25. 


[BI (0-2. - 141) 
SR EE | 


Solution. We have 


S > (ez) 
kei -P k=1 p P 
by pairing the first term with the last, the second with the last but one, 
and so on. But 
P- 


p 
and if we use |z +n] = |z] +n (for any real number z and any integer 
n) and |z] + |-z| = —1 (for any z which is not an integer) we have 


3 _ p)3 
H + [e=] = p? — 3pk +3k?°—1 
p p 


for every k — 1,2,...,(p — 1)/2. Thus our sum becomes 


(p-1)/2 (p-1)/2 


S [e| =e — 3p 3 k 4-3 » k? — ae 


3 
— 3p pa ® 
p 


k= 
FOIE 
2 8 8 2 
zem Da 
7 : 


Let p be an odd prime and let f : Z4. —> R be a function such that 
-y £09 
a Ja s do 

(i) ? 


(ii) f(k) + f(p — k) is an integer divisible by p, fork — 1,2,...,p — 1. 


Prove that = A 
3 m.s pal 
E =LI 


is not an integer, for k =1,2,...,p—1; 
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H26. 


Solution. From (ii) it follows that € Z and therefore 


£8) 
p 


f(k) (p — k) 
erg p pe p pez, 
From (i) we obtain that U Z Z and ini g Z, k=1,2,...,p— 1. 


Thus " 2 
< (10) (28) 


Using the above results we get 


[e for k=1,2,...,p— 1. 


Summing up yields 


BPEC 


It follows that 


f(p — k) 
p 


S E |= 1S 50-2 


The careful reader definitely recognized here a generalization of the 
previous problem (whose result follows from this one by considering 


f(n) =n’). 


If p > 3 is a prime number and x, y, and z are integers such that 
X -4-y-- z and xy + zz 4- yz are both divisible by p, then x? + yP + zP and 
zPyP + zPz? + y?z? are divisible by p^. 


Solution 1. First we observe that 
(t -- 1? — ( +1) = p(t? +t - 1)Q(t, 


where Q is a polynomial with integer coefficients. 


310 


Chapter 9. Solutions 


Indeed, we know that P(t) = (t-- 1)? — (t? 4-1) has all coefficients divisible 
by p, since they are the binomial coefficients (7) for j —1,2,...,p— I. 
Moreover, if o is a zero of t? -- t -- 1 (thus a third root of unity different 
from 1), we have a? -- à. 4- 1 = 0 and o? = 1, consequently 


P(a) = (o +1)? — (a? + 1) = (—o2)?* — a? — 1 = —(o? +a +1) =0. 


(If p = 1 (mod 3), we have a? = o? and o? = a; if p = 2 (mod 3), we 
have a? = o and o? = o2.) We infer that P(t)/p is a polynomial with 
integer coefficients divisible by t? +t + 1, whence the conclusion follows. 


By using the above with z/y in place of t we get 
(a +y} — (a? + y) = p(x? zy - y?) (a, y), 


where R(x, y) is a (homogeneous) polynomial with integer coefficients. 


Now we solve the problem. Because 
r+y=-z (modp) and zy--zz-4yzz0 (mod p), 
we get 
ai^ zy y! = (zy) -zym-umy)-cy 
= —(zy--zz--yz)-0 (mod p), 


hence the above equality shows that p? divides (x + y)? — (x? + yP). But 
the same is true for (x + y)? + 2?, because 


-1 
(£ +y}? +2? =(a#+y+z) oC iz a e»| 
j=0 


and both factors from the right hand side are divisible by p. Indeed, we 
have —z = x + y (mod p), thus 


p-1 p-1i 
X (a y) (2) = (x y) 1s yy 
j-0 j-0 


— p(z4-y)" 1-0 (mod p). 
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Consequently 
aP + yP +2? = (yy +2) - (s yy - GP ey?) 


is divisible by p?, as claimed. 


On the other hand, note that the numbers xy, xz, and yz also fulfill the 
hypotheses: their sum xy + zz + yz and the sum of their two by two 
products 


zyzrz--ryyz-4zzyz = ryz(z + y + z) 


are also divisible by p. By what we already proved, (xy)? + (zz)? + (yz)? 
is divisible by p?, too, and thus we are done. 


Solution 2. Let P, = z* + y* + z". Since x,y,z are the three roots of 
the polynomial 


(X — z)(X - y)(X —z) = X? - (z +y + z) X? + (zy +yz + zx) X — zyz, 
we have 

z* — (£ +y + z)! + (ry + yz + zz)" — 2yze*-3 = 0 
for k > 3 and similarly for y and z. Thus the P, satisfy the recursion 


Po=3, Pr=atytz, P= (x+y +z) -2Q(aeyt+yz4+ zz), 


PX = (x£ +y + z)Pki— (£y + yz + zz)Pk-2 + ryzPp_3 


for k > 3. From this recursion and the hypotheses an easy induction 
shows that 


k(r--y--z)(zyz)*-)/7 (mod p*) if k=1 (mod 3) 
Py = < —k(zy + yz + zx)(æyz)¥ 72/2 (mod p?) if k=2 (mod 3). 
3(xyz)"/3 (mod p?) ifk=0 (mod 3) 
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In more detail, if k = 3m, then by the inductive hypothesis we see 
that p divides P3m_1 and P3m—2 so p? divides (x + y + z)Psm-1 and 
(zy + yz + zx)Psm-2. Thus the recursion gives 
Psm = zyzPəm-3 = zyz - 3(xyz)"T! = 3(zyz)" (mod p°). 
If k = 3m + 1, then p? divides (xy + yz + zr)P3m_1 and the recursion 
gives 
Pom+1 = (£ + y + z)Pom + zyzPsm-2 
= 3(x + y z)(zyz)^ + (3m — 2) (x + y + 2)(zyz)" 
= (3m --1)(z--y--z)(xyz)" (mod p°). 
The case k = 3m 4-2 is similar. In particular, since p > 3, we find that P, 
is in one of the first two cases and hence in either case P, = 0 (mod p°). 


The conclusion about the divisibility of the second sum with p? follows 
as in the first solution. 


Let p be an odd prime and let 
e RE D S 
1 2.3.4 ' 5-6-7 q(q+1)(q+2)’ 


3p — 5 
2 


1 
where q = . Assume that — — 28, = - for some integers m 
and n. Prove that m = n(mod p). 


Solution. Let p = 2s + 1, so that we have q = 3s — 1, and the sum 
becomes 


1 
"Aud E 7 ag 2) 
S 1 

< (3k — 1) (3k) (3k + 1) 

EI RM TE ME 

|. £242N3k—-1 3k 3k+1 k 


=1 
3s+1 E 3s+1 
~ 2 k=2 k A on 
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Consequently, 
3s+1 

m 1 1 

Mic Une = pe = 

n p Sa dep Dk 
and 

S E 

n-m ( 1 $ 1 )= 4s +2 
n TES 2s-1-j 2st1-j/  £1Qsc1-3j)0s1- j) 


—2 


S 
J= 


P 
24D piu 
Clearly, after getting the same denominator to the last sum, the factor 
p remains in the numerator (it cannot be cancelled, because the denom- 
S 


inator lI — j)(p + j) does not have a factor of p), meaning that p is 
j=l 
a divisor of n — m, that is, m =n (mod p). 


Let n be a positive integer, and let 2" be the highest power of 2 dividing 


n. Prove that 2?" is the highest power of 2 dividing the numerator of 
1+ : + : 2 : 
3 5 2n — 1 


when the sum is represented as a fraction in its lowest terms. 


Solution. Write n = 2^m where m is odd. Then the given sum can be 
split into a sum (over s = 0,...,m — 1) of m sums of the form 


2r 


1 
S Doig oT 
jal 


We will first show that if we write such a sum S, as a fraction in lowest 


terms, then Ss = 2?"a/b where a and b are odd. Replacing j by 2^ 4-1— j 
in the sum above (that is, taking the terms in reverse order), we find 


2r 


1 
S= FGF aT 
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Averaging these two expressions we get 


pe 1 1 
5-3) regi e aTi) 


i 3 "(25 +1) 
i = (2r+1s + 2j —1)(2°+1(s +1)— 25 - 1) 


Factoring out 2"(2s-- 1), we see that it is enough to show that if we write 
27 1 
Ts ———————————————————— 
s » (27*!s + 2j — 1)(27*1(s -1) 2 27 + 1) 


as a fraction in lowest terms, then T, = 2"a//b' where a’ and b' are odd. 
For each j = 1,...,2^, there is a kj with 1 < kj < 2” such that 


(2j —1)(2k; 1) E 1 (mod 2+). 


Further as j varies 2j — 1 runs over all the distinct odd congruence classes 
modulo 27*1, hence the 2k; —1 also runs over all distinct odd congruence 
classes modulo 2”+1. Hence the numbers kj are the numbers 1,2,...,2” 
in some order. The equation 


(2j —1)(2k; -1)=1 (mod 2"*!) 
implies that if we write 


1 


pore se Ee 8 212 
e yj Jene yj yry TD 


as a fraction in lowest terms, then the numerator will be a multiple of 
27*1. Hence the same will be true of their sum, which is 


2r 
9r 22r+2 BEST 
Ts +X (2k -1)}? =T, + a 


k=1 
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Thus we see that T, = 2’a’/b' where a’ and b' are odd, as desired. Since 
this means each S; = 27?'a/b with a and b odd, and since we are adding 
an odd number m of such terms, the sum also has the form 2?"a/b with 
a and b odd. 


This was proposed as problem E1408 in The American Mathematical 
Monthly by J.L. Selfridge. 


Let n > 2 be a positive integer, with divisors 1 = dı < do < --- « dk =N. 
Prove that dıd2+d2d3+- - --- dy. 4d, is always less than n?, and determine 


when it is a divisor of n?. 


Solution. If d1,d2,...,d, are all the positive divisors of n, then n/di, 
n/d», ... ,n/dy are the same divisors (in reverse order). 
Consequently, 


1 1 1 
S — dido + dod eed t (eg ) 
1d2 + dod k-14k Gud; ud. "EA 


NU CES NEN DN NT 
i di d2) dg-—d, do d3/ da — da 


because each difference d; — d;_1 is at least 1. Or, alternatively, we can 
use the fact that, for positive integers dı < d2 < --- < dj (not necessarily 
the divisors of some number) we have d; > i — which is easy to prove by 
induction, based on the same idea that if a and b are positive integers 
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with a < b, then a + 1 € b. So, we have 


S = dida + dada + --- + dk idi 


= (itt t 1 ) 
did» doda di idi 


0-3 1 
WA emper aque s 
zi (zs *u-ya) 


For the second part, let us suppose that S divides n?, and let p be the 
least prime divisor of n. (Thus, actually, d2 = p.) If we have k = 2, 
then n — p (is a prime) and S — p — n divides p? — n?. So, the prime 
numbers are solutions to our problem. 


Otherwise, k > 3 and S is strictly greater than dj. 1d; = n? /p. It follows 
that p is also strictly greater than n?/S, which, by the first part of the 
problem, is greater than 1. However, we want S to be a divisor of n?, 
meaning that n?/S is also a divisor of n?. Thus we obtained a divisor 
of n? between 1 and p, its smallest prime divisor, which is impossible 
(hence that's impossible for S to divide n? in this case). 


It follows that S is a divisor of n? if and only if n is à prime. Thus the 
prime numbers are all the solutions to our problem - which was one of 
the questions asked in the International Mathematical Olympiad in the 
year 2002. 


Prove that 
Y pld) _ o(n) 
d n 
d|n 


Solution. Remember that for an arithmetic function f and its summa- 
tion function F defined by 


- M f(d) 


d|n 
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for all n > 1, we also have, by Mobius inversion formula, 
n 
f(n) = 3 (5) 
n 


for every positive integer n. Also, for f being Euler’s function ¢, we have 


F(n) = > 4(a) =n 
d|n 
for every n > 1. Therefore, by Mobius inversion, 
n 
djn 


which gives the desired result after dividing by n. 


Prove that 


X o(d)u (5) =n. 


d|n 


Solution. This is Mobius inversion again. The function ø is defined by 


a(n) = Sod 


din 


(the sum of divisors of n) for any positive integer n. That is, c is nothing 
else but the summation function of the function f(n) — n. Thus, by 
Mobius inversion, 


n= Snide (3) -D)w 


d|n d|n 


The last equality holds because when d runs over all positive divisors of 
n, n/d does exactly the same thing (in reverse order). 
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H32. Prove that 


Il d (0 = 


1 
d|n p 


1, if m is not a power of a prime 


, if n=p?, with p prime. 


Solution. For n — 1 the result is clear. For n — p? we have, indeed, 


I] de® = 1^0) pol) =p, 
d|p* 


For n = pf! ---p%*, with prime pi,...,ps and s > 2, all the factors of 
the products corresponding to divisors d — ph -.-p’s with at least one 
bj > 2 are 1, therefore the product becomes 


[[ 4 = 7" -- 55 (pipe) +++ (05-05) (p273) * + 
d|n 
` (Ds-2Ps—1Ps) +++ (pipa: po) D. 


(When we say (pip2)--- (ps-1ps) we understand the product of all prod- 
ucts of two distinct factors chosen from pi,...,p,, and so on.) Since 
each p; occurs as a factor of (71) products of k distinct factors, we see 
that the exponent of each pj is 


s—1 s—1 s—1 s—i1 

= " ... 4 (—1)5 2 

CoCr) Ca) erem) 
(and it is important here that s — 1 > 1), we get the product equal to 1, 


as required to prove. 


H33. Letan be a sequence of integers that satisfies 


y» — 2" for all n 2 1. 
d|n 


Prove that n | an for all n > 1. 
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Solution. By Möbius inversion formula we have 


an = 5 u(d)23. 


d|n 


If n = pj --- pi? is the factorization of the (arbitrary) positive integer 
n (with pi,...,ps prime numbers, and r1,...,rs positive integers), for 
proving njan it suffices to show that p;* divides a, for every 1 < i < n. 
Let p" be any of the factors p;' (we give up the index for the sake of 
simplicity of notation). Then we have n = p’m, with (m,p) = 1, and, 
by the definition of the Möbius function, the expression of a, becomes 


an = Y u(dp3 c E upati = Y ud) + Y uan 


dim d|m, 1<b<r d|m d|m 
=X u(d) (23 - 25) - Mud) (3 - 23) 

d|m d|m 
=X ua ^3 Cie z 1) 

d|m 


If we prove that 
9p p^ im a (20° —p"- 1)m -1) 


is divisible by p”, the divisibility of an by p" will follow, and the problem 
will be solved. This is clear when p = 2, because 277! > r for positive 
integer r and the first factor 22/4 is therefore divisible by 27. For 
odd prime p, by Euler's theorem we have 


29-9 223907) 21 (mod p). 


Raising this congruence to the m/dth power gives 


r—1)m 


207-9 )$ =1 (mod p"), 


hence 
9373 (2 Se 1) 
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H34. 


H35. 


is divisible by p" (because the expression in parentheses is), as we in- 
tended to prove. The solution ends here. 


The problem was shortlisted for the International Mathematical Olym- 
piad in 1989. 


Prove that 


S 
= mau = 2. 


Solution. By the summation formula for a geometric series 


ee eee ee |z| « 1, 
l-r 
we have 
oo (n) E oo (y (n) " oo c oo ew 
= = a= $ z - 
240-1 » 2) 1-1 » (m) (5 » 2 
oo X /1 (k--1)n oo oo 1 In 
=e G) =D yom (5) 
n=1 k=0 n=1 [=1 


Let p be a positive prime, and let r be a positive integer. Consider the 
positive integers n and m such that n > m >p" — p! and the integers 
a1,...,Qs. For any 0 <j € n denote by s; and t; the number of sums 
of the form ai, +++: c aij, with 1 X i1 < +++ < ij € n which are, and, 
respectively, which are not divisible by p (thus so = 1, tg = 0). Prove 


that 

di ;(n—m-j 

S= Dy ( j Jems =0 (mod p”) 
j=0 


and 


3. Solutions to Hard Problems 321 


Telegram.me:(omath books 


Solution. We start with the identity 


(z1 +: + Em)" — 5 (zi, o Bimi)" 


1i «i i€m 


£0 X (Gute aul me CD YT ak =0 


1i «im 2m 1i zm 


for k < m and for any complex numbers z1,..., £m (see Example 5.6 in 
the chapter Mathematical Induction). We replace here (21,...,%m) by 
all possible m-tuples selected from the given integer numbers aj,..., Gn, 
and sum all the equalities of this type in order to get 


$, (ras) 


1i «-- «is En 


n—m-cl 
-Q(UTU) Xo Gee m 


1Xi4«-«im-i€n 


n-m+2 
+( 2 ) > (ai, teas u)^ - 


1X4 «--«im-o2€n 
m-1 
me 1) Y af, =o 
1<t1<m 


We can write this in the more condensed form 


Soy wel 35 — (osa y = 0. 


J lE «-«iQ-j€8n 


We choose here k = ó(r) = p” — p^! < m, hence (by Fermat's little 
theorem) every term (ai, +-+- + ai, 2 of the above sums is congruent 
either to 0, or to 1 modulo p", depending on whether the sum a; + 

+ + Qim; İS, or is not, divisible by p. (When p divides an integer z, p^ 
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divides z*, since k = p^ — p 1 = p"! (p — 1) > 271(2-1) = 27-1 > r.) 
Consequently, considering the last equality modulo p" yields 


because tọ = 0. 


For the first congruence we still have to see that, obviously, s; +t; = (7) 
for every 0 € 7 € n, hence 


neo 


= (33 o) 


thus, T = 0 (mod p) implies S = 0 (mod p), too. 

Note that the congruences still hold for m = p” — p" 1 if (p^ — p^)! is 
divisible by p" (that is, if (r, m) 4 (1,p — 1) and (p,r,m) z (2,2,2), as 
one can see). In order to prove this it is enough to use the identity 


m-—1 
»» A (zà dox)" = miz1--- 2m 
j=0 1Xá «ig Xm 


(again see Example 5.6 in the chapter Mathematical Induction), then 
proceed similarly to the proof above. The complete statement (with 
the case m = p” — p^-1 included) is problem 11391 from The Ameri- 
can Mathematical Monthly; Richard Stong gave a solution and a strong 
generalization in the issue from December 2010 of the same magazine. 
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n (4, 12 zm 13 m 
1.2.35 2.3.4 N5 3.4.5 N5 
Solution. Although it is not so evident, we have a possibility of tele- 
scoping this sum. Namely, 


bariera (6) 


=1 


"Essi D iem 0) <b? 


Eu in view of the (for us now well-known) formula 


erea lea nez) 
n(n+1)(n+2) 2 \n(n+1) (n4+1)(n+2)/)’ 


we are entitled to assume that something like 


ea ea) ea 


would hold for some real number a. And it holds for a = 5, doesn’t it? 
Note that the following formulae hold for x € (—1, 1): 


YT --w 1—z), 


n — 
oup 14 =F nt -2), 


and 


x” 3 1 1/1-zr\? 
cra care z ) na -2. 
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(You can integrate twice with respect to z the first equality — which we 
saw in Chapter 6 — in order to obtain the second and the third.) If you 
properly combine the second and the third of these formulae, you obtain 
another solution to our problem. 


Nevertheless, with or without these identities, we are sure that the reader 
is now able to compute 


oo 


D DRE 
erence on 


for some given real number z € (—1, 1). 
Let a be a real number. Define the sequence (%n)n>1 recursively by 
Tı = 1 and Gaya" ng, foro l 


Prove that 


Solution. We can rewrite the recurrence relation as 


n+) a” In 


n! n! (n-1)' 


and we easily iterate this to yield 


Xn41 a 
—1 =~ 
n! +245 a ay 


which holds for all n > 0. Thus z441 = eee where 


ar 
en(a) = fe eee a oe 


tends to e^ as n — oo, as we know (basically this is the definition of the 
exponential with power series). Now 


OW _ en(a) 
Tn+1 en(a) en(a) 


? 
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therefore 


sh a^ \ = en-1(a) eola) 1 
I (- )- TI enla) ^ ew(a) enla) 


n=1 En+1 n=1 


for each positive integer N. Finally 


as required. 


H38. Evaluate 


This one is similar and also based on the formula (that we used there 
and which we invite you to remember) 


iu! za: (i 4- 2)! 
s D oen t2) 
— (i-- j +2)! nary» (i 4-2 4 7)! 


= 1 1 
Pres pial 


= 1 1 
= 25 (Gi +1)? - rumen) 
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oo oo 2 2. 
E e os EL c es a 
E (tree. Se GA)" 0 2 6 


We used again the well-known telescoping sum 


oo oo 
Dreyer a je 
e TL Ga tel cB 


and the result of the Basel problem (problem M38) 


(you will be needing a slight modification of the formula that we used). 


H39. Prove that 
oo 
Xm 
179y 
id 90 
Solution. We use again the equation 
2n+1\ , 2n-r 1X 4.4 ape Ly. 
ie ): ea: +(e) =o 


and its roots 
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whose sum is, as we have seen in the solution of the Basel problem, 
n(2n — 1)/3. We can also compute the sum of products of these roots 
taken two by two, which is 


& + T. 
y -— dd j " 5 n(2n—1)(n—1)(2n— 3) 
meri 2n 4-1 2n 4-1 EG 23 30 


Therefore, the sum of the squares of these numbers is 
—1)\? = E E 
Set kr (n2n-1)V — nn 1)(n — 1)(2n — 3) 
Qn+1 — 3 30 


. n(2n — 1) (4n? + 10n — 9) 
E 


Further one we can also compute 


n(2n — 1)(4n? + 10n — 9)  2n(2n — 1) 8n(n + 1)(n? +n +3) 
sO 5g n = I, 
45 3 45 
and one can use the same inequalities as before (changed just a little), 
namely 


1 1 T 
4 — —— — 
cot^z < z4 < nir’ rc (o. z)- 
to finally get 
Tt 2n(2n — l)(4n? + 10n — 9) n» i Tt 16n(n+1)(n? +n+3) 


90. (2n 4- 14 ki ^ 90. (2n + 1)4 


for all n > 1. Letting n — oo yields the desired result. 


This result was also proved for the first time by Euler. 
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H40. Evaluate 


= [om (o+ ) dz 


l=0 
1 1 1 
dz = -f In(1 — x)dz 
0 = ee 0 


= [(1 — z)In(1—- z) + z]] = 1. 


The infinite product is easy calculated from 


by passing to the limit for n — oo. Also the final evaluation needs the 
calculation of the limit of (1 — x) In(1 — x) for x — 1, which is easily 
shown to be 0, by using l'Hópital's rule. 


Solution 2. We again interchange the order of summation, based on 
the absolute convergence of the series — but in a different way. Namely 


we have " 
1 —1)F4 
-5 D= 


=] l= m=2 


oo oo 
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where the inner sum is over those positive integers k for which there 
exists nonnegative integer | such that m = k2! +1. Now, if m — 1 = 2Pq 
with nonnegative integer p and odd positive integer q, we see that l can 
be from 0 to p (for each such | the corresponding k is 2?~'q), and the 
above inner sum is 


Thus the initial sum becomes 


1) = eq E i = 1 1 
Y gui Manca) 


k=1 m=2 m=2 


(and we finished our job with the same most often met telescoping sum). 


The problem was in the Putnam Competition in the year 2016. 
Let aj, a2,..., a100 be nonnegative real numbers such that 

a + a5 +--+ + aio = 1. 
Prove that 


lS 


a2a» + a2a3 Tec 29901 1€ 


Solution. Let S be the sum from the left-hand side of the inequality. 
By the Cauchy-Schwarz inequality we have 


100 2 
(38)? = » akıla? + 2) 


k=l 
100 100 

«(x 2 e ag + 2) 
k=l 


Please pay attention to the sums! We considered the indices modulo 100 
(that is, a101 = a1 and a102 = a2), hence we have 


100 100 


So «a = Yo ak =; 
k=1 k=1 
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so the above inequality reads 


100 


(3S)? < Soa + 2ak+10k+2)°. 
k=l 


We then have 


100 100 


2 2 dopo 2 2 
3 (ai + 205.1242)? = Y (ak + 4azak citi + 407410742) 
k-l k=l 
100 


44/9724 2 2 2 
< Y (ak + 2ag (ag 41 + 0742) + 407410242) 
k=1 
100 
= ) (aj, + Gaza; ,, + 2azaz+.); 
k=l 


where we used 2zy < x? + 3? for any real numbers x and y, and 


100 100 


EC aes 2.2 
5 ak+1lk+2 = » akak+1: 


Now we clearly have 


100 100 2 
S (a + 2azaz,, + 2a205,1) € » 4) =1 = 


k=1 
and, also, 
100 50 50 50 
2 2 2 
Y dta sa oaa] (ook) s [22 


100 2 
k=1 
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because 4zy X (x + y)? holds for real numbers z and y. 
Putting all these together we get 


100 
2 4 2-2 2,2 
(3S) < SC (ak + 62105 11 T 2040 2) 
k=1 
100 100 


= $ (ai + 2azaz..,  2aa541) + So Aaa 
k=1 k=1 
ET TRE 
that is S < 2/3, as desired. 


H42. Let z1,...,2100 be nonnegative real numbers such that 


Zi + Ti+1 Lige <1 for alli =1,...,100 


331 


(set 3101 = 21,2102 = 22). Find the maximal possible value of the sum 


100 


S= J TiTi+2. 
i=1 


Solution. We have, by hypothesis 


100 50 


Y tizig2 = X_(£2j-182j+1 + T2j£2j+2) 
ici j=l 


< 3 (1 = 225 — £2j+1)£2j+1 + 205 (1 — 22; — 22541) 


(1 — oj — 2251) (225 + £2541). 
j=l 


But zy < ((z + y)/2)? for every z, y € R, hence 


(1 — 22j — 22541) (22; 22541) € ( 7 


1 — £9; — T2j+1 + Lj + 22541 


al 


4’ 
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,00, and the sum S can be majorized as 


Moreover, the value 25/2 is indeed assumed by S if we choose, for exam- 
ple, z2j-1 = 1/2 and x2; = 0 for j = 1,2,...,50. That is, the required 


maximum is 25/2. 


H43. Prove that for any real numbers x1, 22,...,2n and any nonnegative real 


numbers ri,T9,... 


„Tn the inequality 


n 
y min(r;, t5 > 0 
5j-l 


holds. (The sum is over all pairs (i,j) with 1 <i<nand1<j <n.) 


Solution. Due to symmetry we can assume that rj € ro <--- < rq. 
Hence we can find nonnegative numbers s; such that 


D 
Tj = 5 Sk 
k=1 


(explicitly, sı = rı and Sk = Tk — ry 1 for 1 < k < n). Thus we can 


write 


n min(ij) 


j min (rir) Lili = j Tmin(ij)titj = ) ò SELL; 


$j—1l 


H44. Let a1,01,a2,05,... 


ij=l1 $j-1 k=1 
n n n 

E323 aD Xs (E) =o 
k=1 i=k j=k 


„an, bn be nonnegative real numbers. Prove that 


n n 
> min(a;a;, bibj) < 5 min(a;bj, ajbi). 


ij=1 


ij=1 
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Solution. We will use the result of the previous problem for the numbers 


.. max(aj, bi) 
B min(a;, b;) 


and 
zi = sgn(a; — bi) min(ai, bi) 


for 1 < i € n, with the observation that, if min(a;,b;) = 0, then for r; 
we can choose any nonnegative real number. Note that sgn(z) is —1,0, 
or 1 as z is negative, 0, or positive, respectively. We then have 


n n 
5 min(aib;, ajbi) = > min(a;a;, bjb;) 


ij-l ij-l 
n 
= 5 (min(ajb;, ajbi) — min(a;a;, bib;)) 
ij=1 
n 
= 5 zi; min(r;, rj) > 0, 
‘j=l 


according to the previous example. 


Of course, we still need to prove that 
min(ajb;, ajbi) — min(aja;, bjb;) = xir; min(ri, rj) 


for all 4, j € {1,2,...,n}. 


Note first that if we have min(a;,b;) = 0 or min(a;,b;) = 0 the equality 
holds since both sides are zero (and it doesn't matter what we choose 
for rj or rj respectively). So we further assume that both min(a;, bj) and 
min(a;,b;) are nonzero, and we need to prove that 


min(aib;, ajbi) z3 min(aja;, bib;) 


= sgn(a; — bi) min(a;, b;)sgn(a; — bj) min(a;, bj) 


7 Gee SSi max(aj, bj) 1) . 


min(a;,b;) ^ ' min(a;, b;) 
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Note that if we interchange a; and b;, then both sides of this equation 
are multiplied by —1. Thus we may assume that a; > b; and similarly 
we may assume a; > b;. In this case the right hand side simplifies to 


. Qi Qi 1 a; Q; 
on) oe88)-) 


= min(a;b;,a;b;) — bib; = min(a;bj, ajbi) — min(a;a;, bib;), 
which is exactly what we wanted to prove. 
Some related inequalities and refinements of the last two examples can be 
found in the article On Some Elementary Inequalities by Titu Andreescu 


and Gabriel Dospinescu (see it in Mathematical Reflections: The First 
Two Years). 
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